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A area of unobstructed tube 
o 
minimum area of constriction 
a 1 -ô/2Rg in Equation 3.46 
b 5/2R^ in Equation 3.46 
A(z,t),B(z,t),C(z,t) time and position dependent 
E (z,t),F(z,t) coefficients in Equation 3.27 
A,B,D,E,F solution coefficients in Equation 3.40 
Â,B,D,/i,,F solution coefficients in Equations 3.47 and 
^ ^ 3.48 
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c^fCg solution coefficients in Equation 3.20 
C, ,C^,C^,C.,Cc,Cf. time dependent solution coefficients in 
^ ^ ^ ^ ^ Equation 3.13 
c inertia coefficient defined in Equation 3.41 
-, 4 
D D^/a 
- . 4 
E E^/a 
f(r/R) velocity profile defined in Equations 3.33 and 
3.34 
f(3) velocity profile given in Equation 3.13 
f(3) velocity profile given in Equation 3.27 
F maximum drag at tube surface given in Equation 
^ 5.8 
F(z) inertia function defined in Equation 3.41 
V 
f(r,z) unknown function to be determined in Equation 
2.14 
lu " (Z/Eg) (aVRep) 
K pressure amplitude given in Equation 3.17 
K variable coefficient defined in Equation 5,15 
L 2Z 
o 
L variable coefficient defined in Equation 5.15 
I 
amplitudes given in Equation 5.9 
0(ô/Zg) term of order 5/2^ in Equation 2.9 
p pressure 
Q time dependent discharge 
Q discharge amplitude 
r radial coordinate 
R local radius 
R radius of unobstructed tube 
o 
Re^ peak Reynolds number 
Re RCp on velocity profile plots 
Re^ Reynolds number defined in Equation 2.3 
t time 
t dummy variable of integration 
u point velocity 
centerline velocity 
Up peak average velocity 
z axial coordinate 
L/2 
vi 
z/ZQ 
dimensionless pressure drop 
dimensionless shear stress 
Greek Letters 
a constant given in Equation 2.1 
r/Ro 
r/R 
height of constriction 
dummy variable of integration in Equation 3.45 
R/Ro 
unknown parameter to be determined in Equation 
2.6 
absolute viscosity of fluid 
kinematic viscosity of fluid 
3.141593 
fluid density 
shear stress at the wall in Equation 3.12 
phase angle 
angular frequency 
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I. INTRODUCTION 
In this investigation the problem of interest concerns 
the oscillating laminar flow of a Newtonian, incompressible 
fluid in a rigid straight horizontal tube containing a mild, 
axially-symmetric constriction. The interest is generated 
because of its intriguing nature as a problem in fluid 
mechanics and the possible application of its solution to 
blood flow abnormalities in the circulatory systems of mammals. 
Specifically, this study is related to those conducted by 
investigators (1,2,3) attempting to gain insight into the role 
that hydrodynamic factors play in certain forms of arterial 
disease, such as atherosclerosis. Atherosclerosis is 
characterized by an abnormal thickening of the inner walls of 
the arterial vessels, resulting in a reduced lumen area. It 
is known that apoplexy and cardiac arrest may be caused by 
complete or partial occlusion of one or more components of the 
arterial system. The narrowing (or stenosis) in some cases is 
due to the development of atherosclerotic plaques or other 
forms of abnormal tissue growth on the walls of the artery. 
Although the causative factors influencing the initiation of a 
stenosis are not known, various investigators (3) have sug­
gested that the resulting modification of the normal blood flow 
characteristics and the continued development of the stenosis 
are coupled. The blood-flow characteristics which are of 
interest include: the pressure drop and pressure distribution 
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along the constriction, the wall shearing stress, the condi­
tions under which separation of the flow field takes place, 
and the development of turbulence. Since the flow properties 
examined in this thesis include some of those of interest to 
investigators considering the medical problem, and since the 
geometry of the constriction chosen for the analysis is 
representative of a class of stenoses, it is believed that the 
results of this study may provide useful information for this 
important biomechanics problem. 
Exact solutions for fully developed, laminar, oscillating 
flow of an incompressible Newtonian fluid in a rigid straight 
tube of constant diameter are well-known (see for example, 
Womersley (4)) and have been experimentally verified (5). 
Approximate solutions for the steady, laminar flow of an 
incompressible Newtonian fluid through a locally constricted 
tube have been obtained and compared with experimental investi­
gations (2,6). Investigators (7) have also analytically con­
sidered the particular problem which is the subject of this 
study; however, convective inertia terms of the governing equa­
tions were neglected, eliminating the possibility of obtaining 
information about the particular type of separation attributed 
to the interaction of viscous, pressure, and convective inertia 
forces. Young and Tsai (8) have developed an approximate solu­
tion to include inertia! effects which predicts pressure drops 
but which does not give a detailed description of the flow 
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characteristics. 
To obtain the analytical solution to the previously 
described problem, the Navier-Stokes equations and the equation 
of continuity (expressed in cylindrical polar coordinates) are 
utilized along with assumptions relative to the nature of the 
flow field which result in a more manageable set of equations. 
The discharge is prescribed as a harmonic function of time and 
a specific geometry is chosen for the constriction. From the 
simplified system an integrated form of the momentum equations 
is obtained and use is made of an extension of the Pohlhausen 
method to obtain an approximate theoretical solution describing 
the flow characteristics. 
The flow properties which have been investigated, and 
where feasible, compared with known theoretical and experimen­
tal results are: pressure drop, velocity profiles, and wall 
shearing stress with implied separation conditions. 
The primary objectives of this research effort were: 
(1) to determine an approximate analytical solution of the 
problem in a form which would afford detailed information 
concerning pertinent flow characteristics, and (2) to determine 
through experimental study the validity of the solution. 
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II. REVIEW OF LITERATURE 
A. Steady-Flow Investigations 
A review of the literature related to the problem treated 
in this thesis reveals that germane articles appear in medical, 
bio-medical, bio-physics, bio-mathematics, bio-engineering, 
and bio-mechanics journals as well as in fluid mechanics 
publications. Young (9) has made a comprehensive review of 
the biomechanical aspects of flow through a constriction. In 
the review, Young considered those fluid mechanics equations 
and approximations which are significant in the study of 
arterial stenoses. He also classified and characterized the 
various proposed solutions to the problem of flow through a 
stenosis with pertinent comparisons and observations being 
made. 
Because of the complicated nature of the problem of flow 
through a constriction an exact solution of the corresponding 
Navier-Stokes equations has not been obtained. However, 
studies have been made in which approximate solutions have 
been developed and in some cases compared with experimental 
results. These studies are especially related to the present 
investigation because in certain of these the geometry chosen 
for the constriction is identical to that utilized herein. 
The primary differences between thp earlier analytical treat­
ments and the present one result from the neglect of either 
time dependence or convective inertial effects. 
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The earliest study treating the specific problem is due 
to Young (3) in 1968. Young considered the laminar, steady 
flow of a Newtonian fluid in an artery of constant diameter 
containing a time dependent axially symmetric constriction. 
The geometry was chosen as shown in Figure 1. The time 
dependent growth of the stenosis was given in the form 
R = R - TO, (l-e"t/t) (1 + cos (2.1) 
where R is the local radius, 2Z^ is the length of the con­
striction, t is time, is a constant, x is a time constant, 
and z is the axial coordinate in cylindrical polar coordinates 
(-Zg £ z ^ Z^) . The compliance of the arterial wall v/as 
considered negligible, so that the flow takes place in a rigid 
tube. Additionally, the flow upstream of the stenosis was 
assumed to be Poiseuille flow. An order of magnitude analysis 
was applied to the governing Navier-Stokes equations and the 
equation of continuity to obtain a linearized set of relations. 
Integration of this more tractable set of equations yielded 
expressions relating the resistive impedance and the wall 
shearing stress to that predicted by Poiseuille flow. The 
resulting analysis indicated that the change in resistance to 
flow due to the constriction was small until some critical 
stenosis heiyut wâ5 reached but that the wall shearing stress 
could increase significantly for mild constrictions. 
Figure 1. Geometry of stenosis 
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Forrester and Young (6) 1968 obtained an approximate 
solution to the problem of steady, laminar flow of an 
incompressible Newtonian fluid through a rigid straight tube 
containing a converging-diverging, axially-symmetric section. 
The geometry of the section was as shovm in Figure 1 with 
cylindrical polar coordinates being utilized. An order of 
magnitude analysis led to a simplified integrated form of the 
momentum equation given by 
d 
ai" ru dr 
,2 3u 
-^R 
( 2 . 2 )  
Because of the retention of the nonlinear inertia term the 
authors were unable to obtain an exact solution to this 
equation. Further simplification of the equation was obtained 
by assuming a parabolic profile as a first approximation to the 
velocity expression in the inertia term and by assuming that 
the velocity profiles could be represented by a fourth-degree 
polynomial in the remaining expressions. The exploitation of 
this approach is actually an extension of the Karmen-Pohlhausen 
technique for analyzing boundary layer flows. Subsequent 
derivations led to an ordinary differential equation in terms 
of the pressure gradient from which a closed form solution for 
the dimensionless pressure drop as a function of the Reynolds 
number and the constriction geometry was attained. Addition­
ally, a criterion for streamline separation was determined as 
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a function of the same parameters. 
An experimental study of the pressure drop across the 
stenosis and the location of separation and reattachment points 
was made to determine the accuracy of the approximate solution. 
A comparison of the pressure drops predicted by theory with 
those obtained in the experiments indicated agreement within 
10 per cent for Reynolds numbers less than or equal to 400. 
The criterion for separation and reattachment was determined 
analytically as 
^ a# = <2-3) 
where R is the local radius, R^ is the radius of the un­
obstructed tube, Re^ is the Reynolds number upstream of the 
stenosis, and z is the axial coordinate. For the particular 
geometry used in the study (56 per cent area reduction), the 
criterion predicts that separation first occurs in the 
diverging section of the tube at a Reynolds number of 127.5 
compared with an experimental value of 200. The experimental 
values for separation and reattachment were determined by 
injecting dye into the tube at various locations and observing 
where separation and reattachment took place. The predicted 
values of the separation points were in reasonable agreement 
with experimental results. However, reattachment points were 
not accurately predicted; theory predicted that the reattach­
ment points were all interior to the constriction; experimental 
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results indicated otherwise. 
The approximate solution of Forrester and Young indicated 
that the point of maximum wall shearing stress occurred in the 
converging portion of the constriction and moved towards the 
diverging section as the Reynolds number was decreased. Values 
of the wall shearing stress at Reynolds numbers o f 100, 2 0 0 ,  
and 400 were found to be 4.5, 6.2, and 9.6 times those that 
would occur if no constriction were present. 
Lee and Fung (10) in 1970 also considered the steady flow 
of a Newtonian fluid through a locally constricted tube. The 
geometry of the constriction was chosen as a Gaussian curve, 
given by 
R = 1 - Y exp(-4Z^) (2.4) 
where R, and Z are the ratios of the local radius and axial 
position to the radius of the unobstructed tube. However, the 
technique used in the study is not restricted to this geometry. 
The constriction was mapped conformally into an infinite strip 
in the complex plane and the transformed problem was solved 
using numerical techniques developed by Thom (11). None of the 
terms in the basic equations were neglected and the method is 
good for constrictions of any severity (the constriction con­
sidered in the study represented a 75 per cent area reduction), 
biit the numerical scheme failed to converge for Reynolds 
numbers greater than 25. 
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The analysis presented by Lee and Fung provides a 
complete description of the pertinent flow characteristics of 
pressure, vorticity, and velocity distribution within its range 
of validity. The geometry utilized in the study was not 
identical to that employed by Young (3) and Forrester and Young 
(6) but the similarity is such, that qualitative and some 
quantitative comparisons can be made, see reference (2). 
An experimental study by Young and Tsai (12) in 1970 
provided data on pressure drop, separation, and the onset of 
turbulence for steady flow in axisymmetric models having area 
reductions of 56 per cent and 89 per cent respectively and a 
geometry described as in Figure 1. It is commonly considered 
that any area reduction over 75 per cent is severe and any 
below 75 per cent is taken to be mild. The study showed that 
there existed three basic regimes of flow: (1) laminar flow 
with separation, (2) laminar flow with a laminar separation 
region, and (3) laminar flow with localized turbulence 
developed within and downstream from the constriction. This 
classification is the same as that first delineated by Young 
(3). 
The study by Young and Tsai indicated that for a given 
constriction the dimensionless pressure drop was a function of 
the Reynolds number. In general the pressure drop decreased 
throuah the converging section of the constriction to some 
minimum value in the vicinity of maximum area reduction and 
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gradually recovered in the diverging portion to a relative maxi 
mum. For all models considered in the study, pressure drops 
were found to decrease with increasing Reynolds number until 
some critical Reynolds number was attained. Separation points 
were observed to occur downstream of the throat and to move 
toward the point of maximum area reduction as the Reynolds 
number was increased. 
The experimental values of dimensionless pressure drop 
were compared with an approximate solution. The comparison 
showed that the approximate solution was reasonably valid for 
high Reynolds number flow and could be used as a first 
approximation to pressure loss due to a constriction. 
Morgan (2) developed an approximate solution to the 
problem of steady flow of a Newtonian fluid through a rigid 
tube containing a local constriction of any severity. He made 
use of both the integral momentum and integral energy equations 
in his analysis with the assumption that the velocity profiles 
could be represented by the functional expression 
U 
c 
0 
u (2.5,6) 
U 
c 2X^ + 2X2 (E) 2 _ (fyf X < I < 1 
where is the centerline velocity, and X a parameter 
determined in the analysis. The approximate solution proposed 
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by Morgan was compared with experimental data obtained from an 
investigation of pressure drop and flow separation in three 
different models. One of the models had the same geometry and 
area reduction as that to be treated in the present study and 
two others represented more severe constrictions differing 
only in the length of the stenosis. The comparison of theory 
and experiment indicated that the approximate solution was 
valid for models having severe constrictions but did not 
predict reliable values for the mild constriction. 
B. Unsteady Flow Investigations 
As noted in the previous section the steady flow aspects 
of the problem of interest in this study have been the subject 
of several investigations. However, corresponding unsteady 
flow studies were found to be limited. Only three research 
efforts which consider the stenosis problem were found. 
The earliest study is attributed to Salamon (13) in 1969 
in which he theoretically analyzed the flow through a mild 
constriction in a circular tube induced by a harmonically 
oscillating pressure gradient. An order of magnitude analysis 
was utilized to reduce the Navier-Stokes equations to 
tractable forms. The simplified system of equations appears as 
3u/9t = -(l/p)9p/8z + (u/p) 0^u/9r^ + (1/r) 9u/9r) (2.7) 
9p/9r = 0 (2.8) 
9u/9z = 0(ô/RQ) (2.9) 
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with boundary conditions given by 
u = 0 at r = R (2.10) 
8u/9r = 0 at r = 0 (2.11) 
In this representation u denotes the velocity component 
in the axial direction (z). The pressure, absolute viscosity, 
and the fluid density are represented by p, y, and p, 
respectively. The geometry is described as 
R = R - ^  (1 + cos J^) (2.12) 
o 2 
The quantity R in this case is the local radius, R^ is the 
radius of the unconstricted tube, ô is the height of the 
constriction, and is one half the total length of the 
stenosis. 
The approximate equation was reduced to an ordinary dif­
ferential equation by specifying the pressure gradient as 
(-i) 3p/8z = C(z)e^wt (2.13) 
where p = p(z,t) 
and the velocity as 
u = f(r,z)e^"^ (2.14) 
where u = u(r,z,t) 
and w is the frequency of oscillation. The expressions 
f(r,z) and C(z) are unknown functions to be determined. 
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The solution was expressed in terms of Bessel functions 
(the solution has the same form as Womersley's solution for 
oscillating flow in a straight tube except that R = R(z)) and 
the author found it necessary to employ numerical techniques 
to obtain explicit values for the pressure drop across the 
constriction. The pressure drop across the constriction was 
shown to be an increasing function of the stenosis height and 
the 'alpha parameter' (the alpha parameter is an index of the 
ratio of inertia forces due to the local acceleration to 
viscous forces for unsteady flows, and its role is similar to 
that of the Reynolds number in steady flow). This work does 
not contribute any information relative to separation, but it 
does contain an excellent assemblage of graphical information 
with reference to velocity profiles and pressure drop as a 
function of the flow and geometric parameters. Rogge, Young 
and Salamon (7) amplified the study by Salamon to include a 
discussion of the dimensionless wall shearing stress and flow 
separation caused entirely by mainstream flow reversal. It is 
demonstrated that the presence of the constriction creates a 
separated region in the flow field which is always symmetric. 
It is important to emphasize that neither of the above 
mentioned studies involved an analysis which included con-
vective inertial effects. 
A comprehensive experimental study of the influence of 
unsteadiness on the flow through locally constricted tubes has 
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been made by Young and Tsai (8). The results of this study 
provide experimental data relative to pressure drop in tubes 
having the same geometry as that to be investigated in this 
thesis. The data collected are for both mildly and severely 
constricted tubes. Also, some information concerning flow 
separation and the development of turbulence is presented. 
The analysis carried out by the authors included the 
development of a theoretical equation for predicting peak 
pressure drops derived from an application of the linear 
momentum equation to a control volume and by use of results 
obtained from steady flow experiments. The resulting equation 
may be expressed as 
A 
A p .  ^  
"N 
U 
^o 4-
2 
p|u|u + K^pL (2.15) 
where R is the radius of the unobstructed tube and A^ and A, 
o ox
are the areas of the unconstricted tube and the minimum cross 
sectional area of the stenosis, respectively. The coefficients 
K^, and are, respectively, the viscous, turbulence, and 
inertia coefficients. L is the distance over which the 
pressure drop is measured and U is the mean velocity in the 
unobstructed tube. 
The experimental tests indicated that the proposed 
approximate solution predicted peak pressure drops with a 
maximum deviation of 20 per cent from the corresponding experi­
mental values for both severe and mild constrictions. 
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Other information obtained from the experimental work 
showed that unsteady flow in a constricted tube has three basic 
regimes of flow: laminar unidirectional flow, separated 
laminar flow, and turbulent flow, each of which may be present 
during a single oscillation cycle. The investigators also 
report the observation of time-dependent separation and 
reattachment points, but quantitative data are not presented. 
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III. THEORETICAL ANALYSIS 
A. Development of Mathematical Model 
The problem of oscillatory flow of an incompressible fluid 
in a rigid straight tube has been studied and solutions of the 
problem are well-known. Investigators such as Schonfeld (14), 
Uchida (15) , and Womersley (4) have obtained exact representa­
tions of the basic flow characteristics. In each of these 
studies, the pressure gradient was specified as a harmonic 
function of time and an ordinary differential equation was 
derived as the basic relation. The solution to the differ­
ential equation was expressed in terms of Bessel functions. 
The more difficult problem of laminar oscillating flow in 
a horizontal rigid straight tube which contains a mild axisym-
metric constriction is the subject of this dissertation. The 
fluid is specified as being incompressible and Newtonian and 
the flow characteristics in the unconstricted section of the 
tube are assumed to be described by the straight tube solution. 
Flow characteristics as defined for purposes of this study 
refer to pressure drop, pressure-discharge phase relationships, 
velocity profiles, wall shearing stress and separation. 
The geometry of the constriction is chosen to be the same 
as that utilized by Young (3), and Salamon (13). The geometry 
may be described 
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•RQ - |(1 + cos p.) \z\ < 
o 
R(z) 
R 
o 
where R(z) is the local radius, is the radius of the un-
constricted tube, 6 is the height of the constriction, and 2Z^ 
is the length of the stenosis. Thus, for |z| £ the tube 
boundary is a cosine curve and for |z| > the tube is of 
constant diameter. Pictorially, the constricted tube appears 
as shown in Figure 2. 
In the figure, u is the velocity component in the axial 
direction z, v is the velocity component in the radial direc­
tion r, and is the centerline velocity. Because of the 
assumed axial symmetry of the stenosis and thus of the flow, 
cylindrical polar coordinates are employed throughout (r, 6, 
and z are interpreted in the usual sense) and the Navier-Stokes 
equations describing the flow field appear as 
Figure 2. The constricted tube 
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9u , v3u . u9u . ,1. Bp 
+ R- + 8Ï = V 
dK /1\ 3u , 3^u 
3? ^  ^  (3.1) 
9v , v9v , u9v 
at + 33r + sr- + (ji H = ^ 
9^v , /.Iv 9v 
^ ^ y 5r 
V 9^v 
r2 9z2 
(3.2) 
Basically, these equations describe the interaction of 
pressure, inertia and viscous forces at each point of the flow 
field for all times. Additionally, the flow field must satisfy 
the continuity equation 
# +  ( i )  ^ = 0  (3.3) 
The Equations 3.1, 3.2, and 3.3 along with applicable 
boundary and initial conditions constitute a well-posed problem 
which in a theoretical sense can be solved for the dependent 
variables u, v, and p, in terms of the independent variables 
r, z, and t. Unfortunately, exact analytical solutions to 
problems in which inertia and viscous forces interact in a 
general way have not been obtained—even numerical attempts 
have not been entirely successful. 
In the analysis given in this dissertation, assumptions 
of a physical nature which have been utilized with some measure 
/1-F o O Kir i-iT-oTri CMic: i-nTTOc:-hi rr^-horç; AVnlmifed. Thp 
initial assumption is that 9p/9z >> 9p/9r = 0, i.e., the 
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radial variation in pressure is small in comparison with the 
pressure variation in the axial direction. Since the con­
striction is specified to be mild, ô/Z^ and ô/R^ are required 
to be small. It is known that for oscillatory flow in a 
straight tube that 3p/9r = 0; thus, for a mildly constricted 
tube no appreciable deviation is expected. This assumption 
has been utilized with success in related studies by Young (3), 
and Forrester (1). 
Another assumption which has been used in a previous 
2 2 
analysis is that the component (9 u/9z ) of the axial normal 
stress gradient is negligible in comparison with the component 
of the axial shear stress gradient, see reference 1. The 
identical assumption is adopted for the current analysis. 
As a result of the geometric constraints and the indicated 
physical assumptions. Equations 3.1 and 3.2 become, respec­
tively 
'F' 
3^u ^ (1) 9u (3.4) 
and 9p/9r = 0 (3.5) 
Equation 3.4 is multiplied by r and integrated across the 
tube cross section to obtain 
21 
rv3u /.ru3u 
^ 9z •)dr + (i) lo 
(3.6) 
where R  — R C z) — R Q — ^(1 cos —) 
o 
Equation 3.6 is an integrated form of the momentum equation. 
From Equation 3.3 it follows that 3u/8z = (-l/r)3(rv)/9r. 
The substitution of this expression into Equation 3.6 yields 
-Z^ ^  z _< Z^. Additionally, the upper and lower limits of 
integration are continuous and have continuous derivatives in 
- Z  < z < Z , 0 < r < R ,  s o  t h a t  L e i b n i t z ' s  R u l e  f o r  d i f f e r -
o — — o — — ' 
entiation under the integral sign is valid for the third inte 
gral in Equation 3.7. Exploitation of the method of integra­
tion by parts and utilization of the boundary conditions u = 
V = 0 at r = R yields 
(3.7) 
2 It is assumed that ru is continuous in the region 0 < r < R, 
22 
Cruv)dr = 0 
From Equation 3.8 and the use of the Rule of Leibnitz 
t 
0 (3.9) 
Equation 3.9 along with the identity 
at 
R 
(ru)dr - (^) ^  (3.10) 
0 
where Q is the time dependent discharge, constitute the 
mathematical model to be employed in this thesis. It is not 
possible to determine a priori the validity of the proposed 
model. The justification of the model must be established 
through comparison with experimental results. 
B. Discussion of Solution Technique 
The system of equations postulated as the mathematical 
model of the physical problem represents a considerable simpli­
fication but is still difficult to solve. The difficulty 
results from Uie Liïïiê dependence cf the flcv: variables and the 
retention of the nonlinear inertia term in the integral 
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momentum equation. Since the method proposed in this thesis 
is an approximate one, the accuracy of the method was first 
investigated through application to the straight-tube problem 
which has a known exact solution. 
A relatively simple approximation for oscillating flow in 
a straight tube can be constructed. In the case of the 
straight-tube problem. Equation 3.9 reduces to 
(ur)dr + I °= 0 (3.11) 
where all variables are as represented previously except that 
R = Rg is the constant radius of the tube. If use is made of 
the identity Q/2tt = (ur)dr and the expression for the wall 
JO RQ 
shearing stress T = y 3u/3r| , Equation 3.11 may be written as 
" 0 
'If' 
The nonlinear inertia term vanishes for the straight-tube 
problem. 
To derive the approximate solution to Equation 3.12 an 
extension of the Karmen-Pohlhausen technique for analyzing 
boundary layer flow is employed. In the boundary layer 
analysis it is assumed that the velocity function appearing in 
the integrated from of the momentum equation can be expressed 
in terms of a fourth-degree polynomial, see reference 16. 
More generally a polynomial of degree n may be chosen with the 
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restriction that applicable boundary and compatibility condi­
tions be satisfied. The disadvantage of the method is that 
for an nth-degree polynomial n + 1 conditions must be chosen, 
in advance, to be satisfied by the velocity function. Once a 
polynomial representation of the velocity profile in terms of 
the radial variable has been determined, it is substituted 
into the integral momentum equation and the governing equation 
is transformed into an ordinary linear differential equation. 
The analysis presented in this dissertation makes use of 
a fifth-degree polynomial rather than one of fourth-degree. 
The justification for utilizing the fifth-degree polynomial is 
a result (as demonstrated in the following analysis) of the 
increased accuracy of the solution in predicting pressure 
drops and pressure-discharge phase relationships for the 
straight-tube problem. Boyack and Rice (17a) in their analysis 
of the radial, laminar through-flow of an incompressible 
Newtonian fluid between co-rotating disks used a similar 
approach to improve the accuracy of their approximate solution. 
In the analysis of oscillating flow in a straight pipe, 
it is assumed that the velocity function appearing in Equation 
3.11 may be represented by a fifth-degree polynomial of the 
form 
g- = f(3) = + Cgg* + + CgB + Cg (3.13) 
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where is the centerline velocity, B = r/R^ is the dimension-
less radial variable and C^, and Cg are unknox-m 
time-dependent coefficients to be determined. 
The constraints utilized to evaluate the coefficients are 
(a) at 3 = 0/ f(3) =1 
(b) at g = 0, f ' (3) = 0 
(c) at 3 = 0, f• " (3) =0 
(d) at 3 = 1/ f (3) =0 
(e) 
VU 
—' 3—0 f? " 3=0 
(f) H 3=1 
vu 
R 
9^f , (1. 3f 
3g2 'B' 93 
3=1 
(primes refer to differentiation with respect to 3)• Condition 
(a) is a definition, condition (b) is a consequence of axisym-
metric flow, (c) is a compatibility condition, (d) is the well-
known no-slip condition, and (e) and (f) result from the 
requirement that the governing differential equation be 
satisfied at the centerline and tube wall. 
In order to satisfy conditions (a) through (f), it is 
easily verified that the coefficients of Equation 3.13 must be 
given by: 
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Cl - (|) 
4R^ 
M + 
3R^ 
o o 
9z 
rcj 9t 
+ 16 
Co = (-gj 
2^ 25R^ 
+ 
21R^ 9U 
o G  c 
4yU 9 z  4VU 3t 
c c 
CL = 0 
c. = 
R 
4vU 
+ 25 
(3.14) 
C,- = 
= 
where |4 and v are, respectively, the absolute and kinematic 
viscosity of the fluid. Thus, Equation 3.13 becomes 
f(e) = I 
«0 3p ^ 
uu 3z vU 3t + 16 
(3.15) 
1 
9 
"""o IE ^  21R2 au^  
4yU 3z 4vU 3t + 25 4vU 9t p 3z 3^ + 1 
The discharge identity gives 
Q = ^^o 
42 
31R_ 
o 
36y 
iP 
3 2  
+ 
39R_ 
o 
36v 
2Yç 
9t 
220U. 
+ (3.16) 
Following Womersley (4), and others, the pressure gradient is 
specified and the velocity function determined. The pressure 
gradient is specified as a harmonic function of time, 
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(--) ^  = K coswt (3.17) 
P  d Z  
where K is an amplitude, p is the fluid density and w is the 
frequency of oscillation. Equations 3.16 and 3.17 are substi­
tuted into Equation 3.12 and the differential equation becomes 
d^U a,du 
c 
dt^ 
I f 
+ —+ agU^ = b^ coswt + b^ sinwt (3.18) 
where 
1384V 2240v^ 
ai = 2 ' ^ 2 " 3" 
^ 39Rr 13R: O O 
560vK ^ -31KW 
o 
(3.19) 
The differential equation is linear and of second order; thus 
it may be solved directly for and the solution is 
U = c, coswt + c. sinwt (3.20) 
c 1 / 
where c^^ and c^ are functions of a^, a^, b^, b2 and w. 
Subsequently, the discharge may be expressed as 
Q = (sj + sin(wt - (p) (3.21) 
where 
(}) = arctanfS^ /Sg) (3.22) 
and and -re functions of the p?r?met«=r a where 
a = /w/v. For a > 10 (large values of a) the flow field is 
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inertia dominated and for a < 1 (small values of a) the flow 
is controlled by viscous effects and may be considered quasi-
steady. For 1 < a < 10 both viscous and inertial effects are 
important. The angle (p is the parameter (a function of a 
alone) which predicts the pressure-discharge phase relation­
ship. 
As a check of the accuracy of the approximate solution, 
a and w are taken equal to zero, and pK = Ap/L, where Ap is 
the pressure drop along the straight pipe, and L is the 
distance over which the pressure drop is measured- It may be 
shown that for the specified choice of parameters that Equation 
3.16 simplifies to 
which is Poiseuille's formula for a steady discharge in a 
straight pipe due to a constant pressure gradient. For the 
case of very small values of a (very slow oscillations) 
Equation 3.20 for the center line velocity reduces to 
KR^ 
Uc = (-^) coswt (3.24) 
which is identical to that predicted by the exact solution, 
see reference 16. 
For a more inclusive check of the approximate solution, 
comparison is made with the results of a study by Womersley 
(4). Womersley obtained an exact solution of the equations of 
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viscous fluid motion for an incompressible liquid in a circular 
tube in which the pressure gradient is a harmonic function of 
time. The velocity profiles, discharge, viscous drag, 
and pressure-discharge phase relationships are given explicity 
as functions of the alpha parameter. Initially the flow 
variables are expressed in terms of Bessel functions but a 
less complicated formulation in terms of appropriate moduli 
and phase angles is also given. In addition, convenient 
tables expressing the moduli and phase angles as functions of 
a are given to facilitate the calculation of numerical values 
for the various flow variables. 
A comparison of the discharge associated with the exact 
solution and the discharge predicted by the approximate solu­
tion, as functions of a, is made in Table 1. In Table 2 the 
phase-lag between pressure gradient and flow as a function of 
a is compared. In each case the pressure gradient has been 
specified as in Equation 3.17. Included in the comparison is 
the approximate solution derived by representing the velocity 
profile by a fourth-degree polynomial. The coefficients in 
the fourth-degree polynomial approximation were obtained in the 
same manner as that utilized in the fifth-degree treatment 
except that condition (e) was omitted. 
As can be observed in Table 1 the approximate solution 
resulting from the fifth-degree polynomial analysis differs 
from the exact solution by less than 12 per cent for values of 
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Table 1. A comparison 
discharge as 
of the exact and 
a function of a 
approximate values of 
a Exact solution Approximate solution 
(4th-degree) 
Approximate solution 
(5th-degree) 
G 0.1250 0.1250 0.1250 
1 0.1232 0.1232 0.1232 
2 0.1031 0.1040 0.1033 
3 0.0685 0.0694 0.0688 
4 0.0441 0.0431 0.0443 
5 0.0302 0.0291 0.0303 
6 0.0220 0.0205 0.0219 
7 0.0167 0.0153 0.0165 
8 0.0131 0.0117 0.0128 
9 0.0106 0.0093 0.0102 
10 0.0087 0.0075 0.0084 
11 0.0073 0.0062 0.0069 
12 0.0062 0.0052 0.0058 
13 0.0053 0.0044 0.0050 
14 0.0046 0.0038 0.0043 
15 0.0040 0.0033 0.0038 
16 0.0036 0.0029 0.0033 
17 0.0032 0.0026 0.0029 
18 0.0028 0.0023 0.0026 
19 0.0026 0.0021 0.0023 
20 0.0023 0.0019 0.0021 
21 0.0021 0.0017 0.0019 
22 0.0019 0.0015 0.0017 
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Table 2. A comparison of the exact and approximate pressure-
discharge phase relationships^ 
a Exact solution Approximate solution Approximate solution 
(4th-degree) (5th-degree) 
0 90.00 90.00 90.00 
1 80.55 80.54 80.55 
2 56.74 56.31 56.69 
3 35.70 33.69 35.43 
4 24.43 20.56 23.77 
5 18.65 13.50 17.45 
6 15.18 9.46 13.40 
7 12.80 6.98 10.51 
8 11.06 5.36 8.38 
9 9.73 4.23 6.78 
10 8.69 3.43 5.57 
11 7.86 2.83 4.65 
12 7.16 2.38 3.93 
13 6.58 2.03 3.36 
14 6.09 1.75 2.91 
15 5.66 1.53 2.54 
16 5.30 1.34 2.23 
17 4.97 1.19 1.98 
18 4.68 1.06 1.77 
19 4.42 0.95 1.59 
20 4.20 0.86 1.43 
21 3.99 0.78 1.30 
22 3.80 0.69 i.iy 
90* 
^All angles are given 
minus tabulated value.) 
in degrees. (Actual phase angle is 
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a from 0 to 22 inclusive. The phase angle agreement is not as 
good in terms of percentage error; however, in the absolute 
sense the differences are less than 3 degrees for all values 
of a considered. The fourth-degree polynomial treatment is 
less accurate than the fifth-degree; yet, in view of its 
simplicity in comparison with the exact solution may be useful 
as a means of rapidly computing a first approximation to the 
magnitude of the discharge. The fifth-degree polynomial solu­
tion was expected to be more accurate since an additional flow 
constraint is being satisfied. 
The solution obtained through the use of the fourth-degree 
polynomial is very similar to that proposed by Fry (see 
references 5 and 17b). Fry's solution for oscillating flow in 
a straight tube gives the discharge magnitude |Q| and phase 
angle (<{)) as 
whereas the approximate solution obtained through the use of 
the fourth-degree polynomial gives 
8 
<p = arcsin (3.25) 
l o t  
r 
(j) = arcsin —?— î-y? 
(a^ + 36)^/^ 
(3.26) 
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The comparison of the exact and approximate solution for 
the straight-tube problem establishes the feasibility of the 
method for the corresponding constricted-tube problem; however, 
it is not known a priori whether the technique will yield 
more or less accurate results for this more complicated 
problem. 
Though an extension of the Pohlhausen method is used in 
developing the approximate solution, it should be emphasized 
that the problem is not a boundary layer problem as viscous 
effects influence the flow field throughout. 
C. Derivation of Expressions for Basic 
Flow Characteristics 
To analyze the problem of oscillating flow in the con­
stricted tube the technique as outlined previously is employed. 
It is assumed that the velocity profile may be represented by 
a fifth-degree polynomial of the form 
g-= f(3) = A(z,t)3^ + B(z,t)3^ + C(z,t)3^ + D(z,t)3^ 
c 
+ E(z,t)3 + F(z,t) (3.27) 
The coefficients of the polynomial are now functions of both 
z and t, where R = R(z) = - (6/2)(l + cos ttz/Z^) describes 
the tube geometry and 3 = r/R. 
i'he profile constraints whiuh âi"ê applied m thzs case 
are; 
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(h) at 3 = 0, f C 3 )  = 1  
(i) at 3 = 0, Ml
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(j) at 3 = 0, f" (3) = 0 
(k) at 3 = 1, f(3) = 0 
(1) at 3 = 0, 
(m) at 3 = 1/ 
3(U^f) U^fSf 
3t + -jr-~ + 3# 
3=0 
fvl iff + i" M 
[R' j 93^ .3. ap 
H 
•3=1 
VU 
R 
3=0 
il 
93^ 
M 
33 3=1 
Condition (h) results from the definition of f(3) and (i) 
is a consequence of axisymmetric flow. Constraint (j) is a 
compatibility condition and the boundary condition of zero 
velocity at the tube surface (no-slip) yields condition (k). 
The constraints (h), (j), (k), (1), and (m) are straightforward 
and easily verified. Constraint (i) may be derived by con­
sidering the forces acting on a cylindrical element oriented 
co-axially with the tube centerline; it is seen that as the 
radius of the element approaches zero, the viscous force which 
is proportional to 9u/3r must vanish if the pressure and 
A A a a va 4-r% -roma *î n 
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In order to justify constraint (m), one assumes that at 
any instant in time the velocity profile at the tube center-
line is closely approximated by a flat or parabolic profile; 
3 3 
consequently, in either case 8 u/9r =0 at r = 0. The 
successful utilization of this condition in the straight tube 
analysis encourages its use in the general case. Morgan (2) 
has used this condition in an earlier study. Forrester (1) 
employed a similar approximation technique; but, he did not 
3 3 
choose 9 u/3r = 0. 
The velocity profile representation resulting from the 
utilization of the given constraints appears as 
f(B) = % 4R^ Sp 3R^ ^"c 
yU az vU 3t 
c c 
(3.28) 
1 
9 
25R^ 8p 21R^ ^"c 
4uU 9z 4vU 3t 
c c 
+ 25 + 4vU. at 
1 9p 
p af + 1 
This expression is the same as that obtained in the straight 
tube analysis except that R is now a function of z. The sub-
R 
stitution of 3.28 into the equation Q = 2n 
discharge as 
Q = ttR 
42 
31R^ ^  + 39R2 ^"c 
36n 9z 36v at 
220U 
(ur)dr gives the 
(3.29) 
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Consequently, 
^756 Q 39R c i^Ov p (3.30) 
31WR2 " 31 -c 
Also, the expression for wall shearing stress divided by the 
fluid density (p) may be written as 
The previously derived expressions allow all terms of the 
basic Equation 3.9 (with the exception of the convective 
inertia term) to be readily expressed in terms of the dis­
charge (Q), the centerline velocity (U^) and its derivative 
(BUg/at). 
Ideally, all terms of the differential equation could be 
expressed in terms of the variables Q, U^, and 3U^/3t and an 
exact solution for obtained once the discharge had been 
specified. The solution for dp/dz could then be obtained 
from Equation 3.30 and the equation for wall shearing stress. 
Equation 3.31, could be used to investigate the time-dependent 
separation and reattachment points. However, it was found 
that expressing the nonlinear term of the governing differ­
ential equation in terms of Q, U^, and 9U^/9t resulted in a 
quasi-linear partial differential equation to which an exact 
solution could not be found. Furthermore, the utilization of 
numerical techniques to solve the equation was judged 
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impractical? at least it would defeat the purpose of obtaining 
a reasonably simple solution. 
The analysis of the type of separation of interest in 
this thesis is not possible unless the nonlinear inertia term 
is included. Therefore, rather than neglect the convective 
inertia term (the case in which convective inertia terms are 
neglected has been treated in reference 7) and obtain an 
incomplete representation of the separation phenomenon, an 
additional approximation is made. It is assumed that, for the 
nonlinear integral alone, a first approximation to the velocity 
function can be obtained using 
u = 
2 
TTR 
f(|) (3.32) 
where Q is the time dependent discharge, R is the variable 
2 
radius (so that Q/TTR is the local average velocity) , and 
f(r/R) is a polynomial function of the dimensionless variable 
r/R. This approximation has been used previously by Barnard 
et al. (18) in a study of unsteady flow in compliant tubes, and 
by Forrester (1) in an investigation of steady flow in a con­
stricted tube. The approximation simplifies the inertia 
integral. Since it is intuitively believed that for small 
values of the alpha parameter that the instantaneous velocity 
profile is parabolic, and that for large values of the alpha 
parameter the profiles are very nearly flat, f(r/R) is chosen 
such that 
38a 
f (r/R) = 2 (1 - (r/R) ) for small a (3.33) 
and f(r/R) = 1 for large a (3.34) 
It is noted that the parabolic profile satisfies constraints 
(h), (i), (j) and (k) whereas the flat profile only satisfies 
(h) , (i), and (j). Thus, the convective inertia term of the 
basic equation may be expressed as 
TT 
_d 
dz 
fR 
0 R 
f^ (|)dr = 
TT 
F(z) (3.35) 
where 
F(z) = dz i: f' (|)dr (3.36) 
If Equations 3.9, 3.30, 3.31 and 3.35 are substituted 
into Equation 3.8, a linear partial differential equation of 
first-order and first-degree is obtained as 
k at - 0 
(3.37) 
The discharge is now specified as 
Q = Q cos(wt) (3.38) 
where Q is the amplitude of the average discharge. Equation 
3.37 thus becomes 
38b 
33 J,2 ^ ^ 42^ 840^ ,^,2 
62 St 31 c 3ing2 ,2 
+ ^  Q sin cot = 0 (3.39) 
The solution of this equation is readily obtained as (see 
Appendix A) 
= Acos (cot) + Bsin(wt) + Dcos(2wt) + Esin(2wt) + F 
where: 
(3.40) 
A .  S^ À ,  B  =  S^ B ,  D  =  Ê  
r2 
A = 
31 
3371 + 
(840) (560) 
363 7T 
4 4 
n a + 
,840.2 
^ 33^ 
560 (31)(840) 
llïï 
B = 33^7r 
a 
+ 
,840.2 
^ 33' 
D, = (31) 
(33TT) 
(840)a 4 
4nV + (^)^ 
E, = 
33n' 
62a 
4n'a': + (2M,2 
In order that D, E, and F be completely determined, it is 
necessary to evaluate the fnnr^inn F(z). The substitution of 
the approximations given in Equations 3.33 and 3.34 for f(r/R) 
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into the expression for F(z) reduces Equation 3.36 to 
F(z) = (2c/R^)(dR/dz) (3.41) 
-2/3 for small a 
c 
-1/2 for large a 
where 
dR 5 IT 
dz 2Z 
o 
(3.42) 
It is seen in Equation 3.40 for the centerline velocity 
that a component exists which is independent of time. This 
steady flow component is given as 
and results from the retention of the convective inertia term 
in the governing differential equation, i.e., it is due to the 
presence of the constriction. The magnitude of the steady 
flow component increases with the amplitude of the oscillating 
flow but decreases with the fluid kinematic viscosity. 
An explicit representation of the flow streamlines would 
be useful; however, the complexity of the velocity profile 
expression does not encourage an analysis of this type. Some 
information about the nature of the steady flow component may 
be obtained from a determination of the time for a particle 
having the steady flow velocity to travel between two points 
of the flow field. It proves convenient to pursue the analysis 
F = F(z) I (3.43) 
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in Lagrangian coordinates. The transformation from Eulerian 
to Langrangian coordinates may be exhibited as 
de 
u(e) dt (3.44) 
where e and t are dummy variables of integration and and z 
are two points of the flow field. If u(e) represents the 
steady flow component, then 
rt fZ 
dt = 
0 •' z. F 
(3.45) 
The value of F from Equation 3.43 is substituted into Equation 
3.45 and the resulting expression becomes 
t = 1680 
31ïï2c R [a"^ log (tang^)- 3a^b log (sin ^ ) 
(3.46) 
+ 3ab^(log(tan ^ |—) + cos - b^(cos^ ^  + log (sin |^))]_ 
— - Z^ Z^ 
where a = 1 - b = 
2R^' - 2R_ 
o o 
It is seen that the time required for a particle to travel 
from a position to a position z, for a given constriction 
geometry, varies inversely as Up. Also, as z ^  + Z^ (or as 
z 0) t^M, i.e. , the steady flow component vanishes in the 
unconstricted portion of the tube and at z = 0. 
41 
The pressure gradient is obtained by substituting the 
centerline velocity. Equation 3.40, into Equation 3.30 and 
"dividing by pU^, where p is the fluid density and is the 
peak average velocity in the unobstructed tube, Q/TTR^. TO 
determine the dimensionless pressure drop along the constrie-
tion, (1/pUp) (dp/dz) is multiplied by dz and integrated between 
the limits z = -1 and z = z/Z^. The quantity is one half the 
constriction length and z is displacement in the axial direc­
tion. In the following equation Re^ = 2R^Up/v. The 
dimensionless pressure drop is given as 
i:. Ap _ 3024COS(wt) N 1 R Re 
"J I PJ 
^ dz . 78ir 
31-
fz 1 2 o <r 
R Re 
. o. 
. P. 
sin Cwt) 
z T _ 
— d z  -  COS (wt) 
-in2 
B dz 
-1 
. VScir^ '6 
+ 31 R 
o 
(3.47) 
2 
a sin(2wt) Dsin(TTz) g- _ a^cos(2a)t) 
-1 n 
^ Ësin(TTz) J-
- 1 ^  
1760ir f'ol 1 
31 R Re_ 
o P 
cos(wt) dz + sin(wt) ^ B_ 
-1 n' 
dz 
SSOc-rr' 
31 
.V 
cos (2wt) 
z . 
ai + c<^sln(2»t) 
-1 n 
Ësin(TTZ) Fsin(ïïz) 
Li -r • 1-1 ' 
- r /. 4 ,J / wnere u — u^/ u, am-i 
Ë = 
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The pressure drop along the constriction as a function 
of time is obtained by evaluating the integrals which appear 
in Equation 3.47. In principal these integrals may be 
determined in closed form, but, the actual evaluations prove 
to be unduly complicated and numerical integration was used. 
The numerical values of the pressure drops were obtained by 
numerically integrating Equation 3.47 using the ISU NODE 
Routine for solving systems of differential equations. 
From Equation 3.31 the dimensionless shear stress at the 
wall is obtained by utilizing the expression for the centerline 
2 
velocity, Equation 3.40, and dividing by pU^. The shear stress 
may be written as 
6tt O 
31 Re 
A -
— sin(wt) - nBcos(wt) 
6TT^C 
31 
2 ~ 6 TTZ a D 
tT z 2 
o o T1 
4 -
sin(2a)t) - a E cos(2wt) (3.48) 
40Tr 1 
31 Re ^ cos(wt) + — sin(wt) 
n n 
+ 
20cTr' 
31 
§_ 
z 
sxn 
TTZ — — 2 — 
^ cos(2wt) + ^  sin(2wt) + ^  
n n n 
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The determination in dimensionless form of the velocity 
profiles, wall shearing stress, and pressure drop along the 
constriction completes the primary theoretical developments of 
this thesis. 
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IV. EXPERIMENTAL INVESTIGATION 
A. Description of Apparatus 
An experimental study of the time-dependent pressure drop 
across a mild constriction induced by a harmonically 
oscillating flow was conducted. The flow system was fabricated 
in the Fluid Mechanics Laboratory of the Engineering Mechanics 
Department at Iowa State University. The major components of 
the system consisted of the following: constant head tank, 
temperature controller, return pump, variable-speed motor, 
downstream reservoir, axisymmetric test section, straight 
section, scotch-yoke mechanism, filter, recorder, pulsator, 
air column damper, fluid column, electromagnetic flowmeter, 
and pressure transducers. 
The flow system schematic is illustrated in Figure 3. 
Pictures of the flow system, including the models, are shown 
in Figures 4 and 5. 
The constant head tank was constructed from one-half inch 
thick Plexiglas and the dimensions were 12 x 12 x 12 inches. 
A partition 11 inches high was situated in the tank so that 
the bottom area was divided in the ratio of 3 to 1—the 
partition insured that a constant elevation head of about 3 
feet could be maintained as a reference for pressure transducer 
calibrations and could be used as a supply for steady flow 
tests. The downstream reservoir was identical to the constant 
Figure 3. Schematic of flow system 
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Figure 4. Partial view of flow system from downstream position 
A-temperature controller 
B-constant head tank 
C-electromagnetic flowmeter 
D-recorder 
E-flowmeter electronics 
i 
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Figure Partial view of the flow stream 
from upstream position 
A-straight test section 
B-test section 
C-damper 
D-variable-speed motor 
E-scotch-yoke mechanism 
F-pressure transducers 
G-downstream reservoir 
H-pulsator 
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head tank except that a partition was not included. The 
presence of the downstream reservoir furnished a means for 
complete drainage of the system, facilitated the removal of 
air bubbles, and provided for the conduction of steady flow 
tests which were not a part of this dissertation study. 
The return pump used in the closed loop system was a 
self-priming Jabsco 1/8 hp Sturdi-Puppy (Model B3 146). To 
control the temperature of the fluids during test runs, a CRC 
Circutemp Temperature Controller was located in the upper 
reservoir. Fisher {-20°C to 110°C) thermometers were inserted 
in both upstream and downstream reservoirs for constant 
monitoring of the fluid temperature. Tests were terminated 
whenever the fluid temperature deviated more than one-half 
degree from the established operating temperatures of 23°C and 
25°C—the room temperature was maintained at approximately 
22°C. 
The oscillating flow was generated by the pulsator which 
consisted of a piston-cylinder combination driven by a scotch-
yoke mechanism. The power source for the pulsator was 
provided by a US Electrical Motors 3/4 hp (Model C-lc) Vari-
drive motor which for all test runs was operated in a range of 
angular frequencies of about 5 radians/sec. Variation in the 
stroke amplitude of the piston was provided by metal pins 
attached to the flywheel and offset from the center by 1/2 and 
2 inches, respectively. The air column damper was required to 
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suppress undesirable vibrations which are inherent in 
reciprocating drive systems. The water column was used in the 
flowmeter calibration. 
Two plastic models were utilized in this study: a 
straight tube model containing no constriction and an axi-
symmetric model (see Figure 6) containing a stenosis with a 
56 per cent reduction in area. The straight tube model was 
used to establish the fidelity of the system; measurements 
were taken and compared with results predicted by the exact 
theoretical solution. The plastic models were connected in 
the system by 0.750 inch brass tubings. The ends of the model 
sections were bored in such a manner that the brass tubing to 
model connections provided a flow conduit of constant diameter 
except in the region containing the constriction. The 
distances between the pulsator and the test sections and the 
test sections and the oscillating water column were 3 ft and 
6 ft, respectively. These distances were sufficient to assure 
that unsteady flow entrance lengths problems would not occur. 
To construct the (straight) constricted model, a clear 
plastic resin was cast in a rectangular mold with a brass 
mandrel. The mandrel was of constant diameter for the casting 
of the straight model but for the constricted model (see 
Figure 6) the mandrel had been carefully machined to conform 
to the geometry chosen for the analytical study. Each of the 
mandrels was cut into two pieces of equal length with threaded 
Figure 6. Test models and brass mandrel 
A-straight section 
B-brass mandrel 
C-test section 
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connections between the two sections to facilitate removal 
when the casting had hardened. After each model had been cast, 
it was polished both inside and out to provide a transparent 
medium for visual observation of the internal flow. 
The stenosis of the constricted model was 3.00 inches in 
length (2Z^ = 3.00 in) and the minimum diameter at the throat 
was 0.5 inches. With reference to the geometry studied 
analytically, = 4R^ = 126. Pressure ports (0.026 inches in 
diameter) were located 12 inches apart in both models; in the 
constricted model each pressure port was located an equal 
distance from the center (z = 0). The choice of distance 
between the pressure ports was motivated by a desire to include 
the total influence of the constriction in the pressure drop 
measurements. 
The instrumentation necessary to complete the system 
design consisted of the following: two Model P-23Db physio­
logical pressure transducers (manufactured by Statham 
Laboratories, Inc.), an electromagnetic flowmeter (Biotrenex 
Model BL-610) and power supply (Biotronex Model BL-612), a 
Sanborn 6-channel strip recorder (7700 Series, Hewlett Packard) 
including both DC and AC preamplifiers. 
The pressure transducers were suspended by cords from 
ceiling supports to avoid the introduction of extraneous dis­
turbances and connected to the nrmssure ports of the models by 
relatively short flexible tygon tubing. The pressure 
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transducer consists of a thin metallic diaphragm having a 
fluid on one side and a strain-gage bridge attached to the 
other. The fluid chamber contains two outlet ports, one of 
which connects directly to the tubing leading to the model and 
the other of which vents to the atmosphere for removal of air 
bubbles. The diaphragm deforms due to the pressure change in 
the fluid chamber and causes an unbalance of the strain-gage 
bridge producing an electrical signal proportional to the 
pressure change. The instantaneous signal from each of the 
pressure transducers was passed through a Sanborn 8805A DC 
preamplifier and recorded. Pressure drops were obtained by 
electronically taking the difference of the output of the 
individual transducers. The difference was passed through a 
Sanborn 8802 DC preamplifier after which the result was dis­
played on one of the recorder channels. At least two hours of 
warm up time was allowed for the electronic equipment. 
Calibration of the pressure transducers was obtained from 
static tests. For calibration purposes, valve B was closed 
and the height of the fluid in column D was controlled by 
valve A (see Figure 5), thus, a plot of inches of test fluid 
versus stylus deflection (voltage output) on the recorder 
could be obtained. 
The in-line electromagnetic flowmeter was used to obtain 
rsccrdings of the instantaneous average fiowrafe. Thm presence 
of the flowmeter in the system provided a convenient means of 
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comparing the measured pressure-discharge phase relationships 
for the straight section with the theoretically predicted 
values. 
Calibration of the flow was obtained by closing valves A 
and B and measuring the total displacement of the fluid in 
column D due to the movement of the oscillating piston. Dis­
placement of the fluid in column D was also checked against 
piston displacement by use of a displacement transducer. 
The flowmeter operates on the principle that a conductor 
passing through a magnetic field may induce an emf in a 
circuit. The magnetic field of the flowmeter was activated by 
a Biotronex BL 612 Power supply unit. In the case of the flow­
meter, the output voltage is proportional to the rate of 
volume flow passing through the constant diameter lumen (0.75 
inches) of the meter. 
The flow system, as described, provided a means of 
generating an oscillating flow in the test model and enabled 
recordings of instantaneous average flow and pressure drops to 
be obtained. A set of experimental data is shown in Figure 7. 
Two fluids were used in the experiments; physiological 
saline, and a glycerol-physiological saline mixture (71 per 
cent glycerol by weight). The use of these two fluids enable 
data to be obtained for values of the alpha parameter in the 
rangp.s of 20 and 5. The inclusion of sodium chloride in the 
test fluids was necessary for activation of the flowmeter. 
The evaluation of the alpha parameter requires that the radius 
Figure 7. Typical experimental recordings 
(a) average velocity 
(b) pressure drop (polarity reversed) 
u1 
vo 
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of the unobstructed tube, the oscillation frequency of the 
flow, and the kinematic viscosity of the fluid be known. In 
all tests the radius of the unobstructed tube was held 
constant and the oscillation frequency was determined from 
the recorded data. Viscosity measurements were obtained by 
procedures to be described in the following section. 
B. Procedure 
The value of the kinematic viscosity of the physiological 
saline solution used in the experiment was obtained from 
standard tables giving the viscosity as a function of tempera­
ture. Since the saline solution was only 0.85 per cent sodium 
chloride by weight, it was determined that any deviation in 
the fluid viscosity from that of distilled water was 
negligible. 
Dynamic viscosity values for the glycerol-water solutions 
at 25°C were determined by use of a MacMichael rotating visco­
meter. In this method a wire of suitable gauge is chosen and 
a calibration fluid of known viscosity is used to obtain a 
plot of angular twist of the wire versus frequency of rotation 
of the sample cup containing the test fluid. Once the wire 
has been calibrated, the corresponding measurements are made 
for the glycerol solution and the absolute viscosity determined. 
Measurements were repeated over a period of days to 
ensure consistency of results. The absolute viscosity value 
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obtained compared favorably with those cited by Sheely (19). 
To obtain the kinematic viscosity of the fluid, it was 
necessary to determine the value of the specific gravity of 
71 per cent glycerol at 25°C. This measurement was obtained 
by use of a hydrometer. The value of the kinematic viscosity 
of the fluid (glycerol-physiological saline) was determined 
to be 0.186 X 10~^ ft^/sec at 25*C. 
The pressure differences were obtained through use of 
pressure transducers as described previously. Since the 
instantaneous pressure drops were recorded, they could be read 
directly from the recordings. Experimental values of pressure 
drop and corresponding operating conditions are given in Table 
3a. Prior to each run both flow and pressure transducer 
calibrations were checked for consistency. Also, considerable 
care was exercised to ensure that all air bubbles had been bled 
from the pressure transducers and the flow system (this is a 
critical consideration as the presence of air bubbles can 
introduce serious error). All measurements were replicated to 
ascertain their reproducibility. Additionally, prior to each 
run a measurement of the pressure drop across the straight 
tube model and the pressure-discharge phase relationship were 
compared with that predicted by theory to check the response 
characteristics of the flowmeter and the pressure transducers. 
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Table 3a. Experimental values of pressure drop 
a Ap Re Temperature Fluid Stroke 
(psf) ^ (inches) 
4. 96 3. 61 
C
N
 C
O 
3 25°C glycerol-saline 0. 5 
4. 96 15. 84 335. 0 25°C glycerol-saline 2. 0 
21. 90 3. 67 1830. 0 23°C saline 0. 5 
21. 70 11. 84 6700. 0 23°C saline 2. 0 
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V. DISCUSSION OF RESULTS 
A. Pressure Drop 
The dimensionless pressure drop predicted by the approxi­
mate solution is given in Equation 3.47. The validity of the 
predicted pressure drops is determined through comparison with 
results obtained by previous investigators (1,4,7, 8) and 
experimental data. The accuracy of the approximate solutions 
for steady and unsteady flow in a straight tube have been 
discussed previously; but, it should be recalled that in the 
earlier treatment the pressure gradient was specified whereas 
in the current analysis the discharge is predetermined. Since 
it is not known a priori if the accuracy of the approximate 
solution depends on whether the discharge or pressure gradient 
is specified, it is necessary to ascertain the accuracy of the 
solution when the discharge has been specified. 
To determine whether or not the approximate solution 
agrees with Poiseuille's solution for steady flow in a 
straight tube, a, 6, and ut are taken equal to zero and 
Equation 3.47 is integrated between the limits z = + Z^. The 
specification of a defines steady flow; the specification of 6 
defines a constant radius for the flow tube; the specification 
of wt defines the magnitude of the discharge upstream of the 
2 v»*î /^ 4-'î r-sirs 4-/-* tt'd tt • ay»crvor»i f i r\n nf "hho i — 
gration limits defines the length (L = 2Z^) over which the 
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pressure drop is measured. The evaluation of Equation 3.47 
utilizing these conditions yields 
8yQ 
ïïR" 
o 
which is identical to the exact solution of Poiseuille. 
For oscillating flow in a straight tube ô is taken equal 
to zero and Equation 3.47 reduces to 
2" 
pu. 
2 1 f'°l 
31 Re R_ 
. P. o 
[(3024 - 1760TTA - 78wa B)cos(wt) + 
2r (78na^A - 17607rB) sin (wt) ] (5.1) 
where Re^ = and = peak average velocity. 
Womersley's exact solution gives the magnitude of the peak 
dimensionless pressure drop as 
[7. f 2 4 o a 
["^pj [^oj rioj 
(5.2) 
where is a complicated function of a. Values of a /M^q 
were obtained from tabulated values for a £ 10, and by an 
asymptotic expansion for values of a > 10, both of which are 
given in (4). The peak values of dimensionless pressure drop 
for the approximate solution were obtained from a time plot of 
Ap/pUp. Since for a given value of a the approximate solution 
varies directly with the parameter (Z^/R^)(1/Re^) at a given 
instant in time, it is only necessary to compare Equations 5.1 
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and 5.2 for one particular value of the parameter. In Table 
3b a comparison of the exact and approximate solutions is 
given for (Z^/R^)(l/Re^) = 1/25 and 0 £ a £ 22. The dimension-
less variable wt in the table represents the time during the 
cycle at which the peak pressure drop is attained. 
It is seen in Table 3b that the maximum difference in the 
magnitude of the dimensionless pressure drop given by the 
exact and approximate solutions is less than 13 per cent. The 
evaluation of the pressure-discharge phase angles yielded 
values which were identical to those predicted by the approxi­
mate solution obtained when the pressure gradient is specified 
(see Table 2) . Since the maximum deviation in the tv;o solu­
tions is less than 13 per cent, it may be concluded that the 
straight tube approximate solution may be obtained by either 
specifying the discharge or the pressure gradient without 
significantly influencing the accuracy of the solution. 
Forrester's approximate solution, reference 1, for steady 
flow through a mildly constricted tube gives the pressure 
gradient as 
0.35 g - 2.54 ^  (5.3) 
The corresponding pressure gradient as obtained from the 
solution proposed in this thesis gives 
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Table 3b. A comparison of the exact and approximate values of 
dimensionless pressure drop 
a Approximate 
Ap/pUp 
wt 
(radians) 
Exact 
Ap/pU 
0 100 1.28 2ïï 1.28 
1.0 100 1.30 2tt 1.28 
3.0 100 2.32 2.15 2.34 
5.0 100 5.25 1.96 5.30 
7.0 100 9.67 1.76 9.59 
10.0 100 19.05 1.57 18.40 
15.0 100 42.61 1.57 40.00 
20.0 100 75.67 1.57 69.50 
22.0 100 90.50 1.57 80.00 
g = 0.28 ^ 11 - 2.54 ^  ,5.4) 
The dimensionless pressure drop across the constriction 
obtained from an integration of Equations 5.3 and 5.4, for 
Reynolds numbers of 100 and 200, are identical. The dimension­
less pressure drops at Reynolds numbers of 100 and 200 are 
3.24 and 1.78, respectively. Although the pressure drop 
across the constriction is the same for both solutions, the 
predicted values ot the peak pressure drop along rhe constric­
tion do not agree, e.g., Forrester's solution at a Reynolds 
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number of 100 gives the peak pressure drop as 5.2 whereas 
Equation 3.42 gives 4.6. The discrepancy in peak values is 
due to the difference in the coefficients of the inertia term 
of the pressure gradient equations. Forrester's solution 
underpredicts the experimental values of pressure drop by less 
than 10 per cent for Reynolds numbers up to 400; the solution 
proposed in this thesis yields the same degree of accuracy. 
Rogge e;t al. (7) in their study of oscillating flow in a 
mildly constricted tube give a graph of the ratio of pressure 
drop across the constriction (G/R^ = 1/3) to pressure drop over 
an equal distance in a straight tube as a function of a. For 
a's of 5 and 22 the ratios given in reference 7 are 1.60 and 
1.50, respectively. The solution developed in this thesis 
gives ratios of 1.62 and 1.55 for the same a values. For an a 
of 5 the ratio, as predicted by Equation 3.47, is independent 
of RSp. For a = 22, Re^ was taken as 100 and the ratio did 
not depend on Re . p 
A comparison of the theoretical and experimental values 
of peak dimensionless pressure drop for oscillating flow is 
given in Table 4 for values of a equal to 21.9, 21.7, and 
4.96. Included in the table are corresponding values of peak 
Reynolds number and the dimensionless angle wt (theoretical) 
at which the peak pressure drop occurs. The theoretical 
values given in the table were obtained by adding to the 
pressure drop across the constriction the pressure drop, as 
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Table 4. A comparison of theoretical and experimental values 
of dimensionless pressure drop 
a Experimental Theoretical ait 
4.96 82.3 23.00 29.32 5n/8 
4.96 335.0 6.14 7.20 5TT/8 
21.90 1830.0 21.11 22.46 ir/2 
21.70 6700.0 5.46 5.02 •iï/2 
predicted by Equation 5.1, across a straight section 9 inches 
long. 
The experimental values of dimensionless pressure drop 
across the constriction obtained for an a of 4.96 and an Re^ 
of 82.3 does not seem correct as it is less than that 
(predicted by the exact solution) across a straight section of 
equal length. Apparently, there is some experimental diffi­
culty associated with running tests utilizing both a stroke of 
small amplitude and a highly viscous fluid. As can be deter­
mined from the tabulated values (with the exception of the 
value given for an a of 4.96 and an Re^ of 82.3) the theoreti­
cal solution agrees within 6, 8, and 17 per cent for a values 
of 21.9, 21.7, and 4.96, respectively, with experimental values. 
Attempts to obtain pressure drops for an a value between 
1 and 2 were not successful. In these test i-Unti a 100 per 
cent glycerol solution was utilized; but, acceptable agreement 
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between experimental and theoretical pressure drops across the 
straight section could not be obtained. 
A typical pressure-drop wave-form obtained from experi­
mental results and as predicted by theory is shown in Figure 
8. Also, included is a graph of Young's solution for the same 
example, see reference 8. 
The graphs of Figure 8 show good agreement of the 
theoretical and experimental curves both in magnitude and 
phase angle. The theoretical solution (Equation 3.47) for an 
a of 21.9 and a Reynolds number of 1830 predicts within 1/64 
of a cycle the occurrence of maximum pressure drop. For an a 
of 4.96 and a Reynolds number of 335 the analytical solution 
predicts the experimental peak value of pressure within 
4.68/64 parts of a cycle. It is observed that, for the case 
considered. Young's solution underpredicts the peak pressure 
drop by 17 per cent and predicts within 1.84/64 parts of a 
cycle the occurrence of the peak pressure drop. Although the 
solution proposed in this thesis agrees more favorably than 
Young's with the experimental results considered, the latter 
solution is not restricted to oscillating flow in mildly 
constricted tubes. 
Ap 
For inertia dominated flows. Young's solution gives —2 ^  
pup 
a linear function of I^, where is an inertia index defined 
2 
as I,, = 16(Z^ /R^ ) (1/Re^ )a . Thus, the inertia index may be 
determined once the flow parameters have been specified. A 
70^71 
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Figure 8. Experimental and theoretical wave-forms 
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plot of Young's solution for an inertia dominated flow and 
Equation 3.47 for a = 21.9 and 800 £ Re^ £ 80 00 along with 
experimental results given in reference 8, are presented in 
Figure 9. Corresponding theoretical pressure drops were 
obtained as explained for Table 4. The graph indicates that 
the intercepts of both curves are approximately 1.2 and the 
slopes are 1 and 1.06, respectively, indicating good agreement 
of both theoretical solutions with the experimental data. 
For flows in which inertia and viscous effects are 
important Young's equation gives the dimensionless pressure 
drop as a function of Re^ and A comparable case for the 
solution proposed in this thesis is obtained for an a value 
of 4.96. Plots of the analytical solutions and appropriate 
experimental data from (8) appear in Figure 10. The results 
of this comparison indicate that both solution are in agreement 
with experimental values. The discrete theoretical points 
given in Figure 10 are determined, for a given a and Re^, by 
adding to the pressure drop (predicted by Equation 3.47) across 
the constriction the pressure drop predicted by the straight 
tube solution (Equation 5.1) across a section of length 6Z^. 
Although only discrete theoretical points are given, the 
entire curve for a specified value of may be generated if 
the expenditure of computer time is warranted. 
Figure 9. A comparison of theoretical and experimental 
dimensionless pressure drop for flow in which 
inertial effects are dominant 
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B. Steady Flow Component 
The analytical solution developed in this thesis gives 
the centerline velocity as 
= Acos(wt) + Bsin(wt) + Dcos(2wt) + Esin(2wt) + F (5.5) 
Thus, is seen to consist of a fundamental flow component 
(Acos (wt) + Bsin(a)t)) and a secondary component (Dcos(2wt) + 
Esin(2wt) + P) which consists of a steady component and a 
component which oscillates at twice the frequency of the 
specified discharge. The primary component describes 
oscillating flow in a straight tube and the secondary 
component is induced by the presence of the constriction. 
Since the point velocity (u) is expressible in terms of 
it follows that it must also contain similar terms. 
Intuitively the presence of a time-independent component 
of velocity in a purely oscillating flow in a constricted tube 
may seem physically unrealistic; however, the literature 
indicates that the presence of a secondary flow in problems 
involving oscillatory flow should be expected if convective 
inertia terms have been retained in the governing differential 
equations. An analysis of the boundary layer on a cylinder 
which performs a reciprocating, harmonic oscillation of small 
amplitude in a fluid at rest is discussed in (16). The solu­
tion giving the velocity of particles in the boundary layer is 
expressed in terms of cos(2wt), sin(2ut), and a steady flow 
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term which is induced by the connective inertia terms of the 
governing differential equation. A study of oscillating flow 
in a curved pipe (20) also yielded results which predict the 
presence of a steady flow component. 
A description of the streamline patterns of the steady 
secondary motion is difficult. A preliminary experimental 
investigation utilizing close-up photography to analyze the 
characteristics of the steady flow component was not fruitful. 
In an attempt to visualize the steady flow component of 
velocity, use was made of various indicator fluids and 
particles (very nearly neutrally buoyant); however, photo­
graphs of the flow, facilitated by the use of a strobe light, 
were not conclusive enough for critical analysis. Figure 11 
shows the expected configuration of the streamline patterns 
based on analogy and physical arguments. 
It has been shown previously that the steady flow 
component vanishes in regions exterior to the constriction, 
thus any representation of the streamlines must be confined 
to the region -Z <z<Z,0<r<R. Also, it has been 
o — — o — — 
shown that a particle following the path of the steady flow 
streamlines reaches the position z = 0 in infinite time, i.e., 
the particle never arrives. Because of the no-slip condition, 
the velocity must vanish at the tube boundary. Since the 
steady streaming particle must traverse in the flow field, and 
since the steady flow velocity component does not vanish at 
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the tube centerline; it seems reasonable that the streamlines 
should appear as indicated in Figure 11. The flow patterns 
are similar to those generated by an oscillating cylinder in 
a fluid at rest. 
Figure 11. Steady flow streamline patterns in the constricted 
tube due to oscillating flow 
C. Wall Shearing Stress and Separation 
The wall shearing stress in dimensionless form is given 
by Equation 3.48. For steady flow in a straight tube this 
equation reduces to 
T 8 
p": % 
(5.6) 
which is identical to the value given by the exact solution of 
Poiseuille. 
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For oscillating flow in a straight tube, 5=0 and n = 1, 
thus Equation 3.48 reduces to 
2 
—^ {+ cos(wt) - [Âsin(wt) - nBcos(wt)] 
pUp p 
+ 3^ [Âcos(wt) + Bsin(wt)]} (5.7) 
To determine the accuracy of Equation 5.7, comparison is 
made with the values predicted by the exact solution of 
Womersley. Womersley (4) gives the magnitude of the maximum 
drag at the surface of a straight pipe as 
27rmr^m. 
o 
and the peak average velocity magnitude is 
RQ M' 
U = -^ M (5.9) 
f 
where M, and are amplitudes which are functions of 
a and jj is the absolute viscosity of the fluid. From Equations 
5.8 and 5.9 the magnitude of the maximum shear stress at the 
wall may be obtained directly as 
2m^ 
am 
^ ° (5.10) 
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' 2 Womersley (4) gives a table of values for M^^/a and a table 
of values for is given in (21). Since the values of 
2 i/pUp as predicted by both the approximate and exact solutions 
are inversely proportional to Re^, it suffices (for a given a) 
to make the comparison for a single Reynolds number. For a 
Reynolds number of 500 and an a value of 5 the solutions 
differ by 4.5 per cent. Tables giving values of 2M,/aM for 
o 
q > 10 were not available and a comparison of the exact 
solution for an a of 20 could not be obtained. 
Flow separation is one of the characteristics of interest 
in this thesis. For steady two-dimensional or axisymmetric 
flow, the separation point is taken as the point (or line) 
where the wall shearing stress vanishes. The vanishing of the 
shear stress at the wall is caused by the presence of an 
adverse pressure gradient in the flow field and for a con­
stricted tube first occurs at some critical value of Reynolds 
number in the diverging section. The point at which separation 
is initiated is strongly influenced by the geometry of the 
constriction. 
For steady flow in the constricted tube the theoretical 
solution proposed in this thesis gives the dimensionless wall 
shearing stress as 
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The point in the diverging section of the constriction at 
which separation first occurs is determined by equating the 
right hand side of Equation 5.11 to zero. The wall shearing 
stress is found to vanish whenever 
— - _ i 
(5.12) 
Critical values of (1/R)(dR/dz) are obtained for two values 
of z/Z^ giving the location of separation and reattachment 
points. The maximum value of (1/R)(dR/dz) is realized when 
z/Zg = 0.435 for the geometry used in the present study; 
consequently, the predicted critical Reynolds number for 
separation is 
ROp =786 (5.13) 
Some plots of the dimensionless wall shearing stress 
versus the dimensionless axial position are shown in Figure 
123. Separation is not predicted for Reynolds numbers less 
than 786. The point z = 0.435 is the separation point at a 
Reynolds number of 7 86 ap predicted by the analytical solution. 
The analytical solution overpredicts the steady flow experi­
mental result, of approximately 210 given by Forrester (1), 
by about 270 per cent. The magnitude of the difference is 
surprising in view of the accuracy with which the wall shearing 
stress is predicted for steady and unsteady flow in a straight 
tube. 
Re = 126 
P 
fR 
o 
[R j dzj 
Re = 200 
400 
Ile = 786 
Re = 1200 
-5 
Z 
Figure 12a. Dimensionless shear stress vs axial position 
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It is believed that the failure of the fifth-degree 
polynomial approximate solution to improve the prediction of 
the critical Reynolds number for separation is a consequence 
of the chosen profile constraints. Forrester (1) utilizing a 
fourth-degree polynomial satisfied three conditions at the 
tube centerline and two conditions at the wall. The fifth-
degree solution derived in this dissertation utilized four 
conditions at the tube centerline and two conditions at the 
wall—the additional emphasis on satisfying conditions at the 
tube centerline may be responsible for the decreased accuracy 
in predicting the critical Reynolds number for separation. 
Also, it may be that satisfying more conditions at the tube 
centerline improves the solution for inertia dominated flows 
but worsens the solution for flows in which viscous effects 
are important—this would explain the apparent decrease in the 
solution accuracy, as a is decreased, in the prediction of 
pressure drop. 
Rogge et (7) give the ratio of the wall shearing 
stress (for oscillating flow) for the middle of the constric­
tion, z = 0, to the corresponding wall shearing stress for 
oscillating flow in a straight tube as a function of a. For a 
values of 5 and 20 the ratios are given as 2.20 and 2.15; and 
the corresponding ratios as predicted by Equation 3.48 and 
2.46 and 1.28. For small values of a the two solutions are in 
good agreement; however, for large values of a the discrepancy 
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is large. The difference in the two solutions at high values 
of a is thought to be a result of the inclusion of nonlinear 
inertial effects in Equation 3.48. 
A universal definition of separation for internal oscil­
lating flows could not be found. The formulation of a rational 
definition for separation of oscillating flow is difficult as 
the separation and reattachment points are time-dependent. 
Any proposed definition should be consistent with that given 
for steady flow and must be related to the onset of flow 
reversal at the tube boundary. Rogge et al. (7) specify that 
a region of separation exists whenever the wall shearing stress 
changes sign in a localized region along the constricted tube 
surface. The type of separation defined in this manner is due 
entirely to phase differences between local velocities which 
are functions of both radial and longitudinal position within 
the constriction. The regions of separation predicted by the 
study of Rogge et al. are all symmetric with respect to z = 0. 
The symmetry of the separated regions is apparently a result 
of the omission of nonlinear terms in the governing differen­
tial equation. Thus, any analytical prediction of separation 
should include this symmetrical case whenever nonlinear terms 
are omitted. 
In this thesis separation is said to occur at a given 
instant of time whenever there exists a localized region along 
the constricted tube boundary in which the wall shearing stress 
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is opposite in sign to that of surrounding boundary regions. 
This definition includes the steady flow definition and is 
also consistent with that of Rogge et al. 
The dimensionless shear stress, Equation 3.48, derived in 
this thesis is a function of a, Re^, and z, as well as time. 
The determination of the critical values for which separation 
occurs would require a complete time plot at each location of 
the constricted tube boundary and for each value of Re^ and 
a—such an undertaking is impractical. A more reasonable task 
is to obtain an incremented time and location plot for given 
a and Re^ values from which the presence or absence of a 
separated region may be determined. Also, the variation of 
the separated region with a and Re^ may be investigated by 
this method. 
Some plots of the time-dependent dimensionless shear, as 
predicted by Equation 3.48, are given in Figure 12b. Because 
of the dependence of the wall shearing stress on tot and z, it 
is difficult to draw conclusions of a general nature. However, 
for the particular instant of time (wt = 6it/16) considered, 
some information may be obtained. It should be noted that at 
z = + 1 the wall shearing stress has the same value as that of 
a straight tube. It is readily demonstrated that the ratios 
of the maximum shear stress (at this instant in time) in the 
constriction to that in the straight tube are 1.60, 8.2, and 
10.5, for Reynolds numbers (a = 5 in all cases) of 100, 500, 
w # :  
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Figure 12b. Variation of wall shearing stress along the constriction 
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and 1200, respectively. Also, regions of separation as 
defined previously are easily identified, e.g., for a = 5 and 
Re^ = 500 the flow separates at z = 0 and reattaches at z = 
0.9. It should be observed that the curve given for a = 1 and 
Re^ = 5 is representative of a quasi-steady flow and is similar 
in character to the curves for steady flow given in Figure 12a. 
Tables 5 through 12 show the variation in sign of the wall 
shearing stress along the constriction as a function of time 
for given a and Re^ values. The time plots, with the exception 
of Table 12) are given for 0 £ wt _< IT in increments of 1/32 of 
a cycle. Only one-half of a cycle is displayed in the shear 
stress tables as the remainder was found to be identical in 
form except that corresponding signs were opposite. The 
primary reason for presenting these tables is to indicate the 
variation in sign of the wall shearing stress so that separated 
regions may be identified; therefore, numerical values play a 
secondary role and are not given. The net-discharge,|q1, in the 
tube for 0 £ wt ^ ir/2 is in a direction from z = -1 to z = + 1 
and from z = + 1 to z = - 1 for ÏÏ/2 £ wt _< ir. The net-
discharge is always from the converging to the diverging 
section of the tube; thus, the designation of a given section 
is determined by the direction of the net-discharge. At wt = 0 
the net-discharge is from z = -1 to z = +1 and is positive. 
At the two end points of the constriction, z = + 1, the 
associated sign of the wall shearing stress is that of the 
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unconstricted tube. The separation regions are outlined for 
immediate recognition. 
In Tables 5, 6, 7, and 8, it is seen that for a fixed 
value of a, the separated region increases in length and 
duration as the Reynolds number is increased. Table 7 and 9 
show that for a fixed value of Re^ that the number and extent 
of the separated regions decrease as a increases, i.e., 
inertial effects due to local acceleration retard separation. 
The separated regions of flow which appear in the tables 
result from a complex interaction of forces due to pressure, 
convective acceleration, local acceleration, and viscosity. 
It is known that in steady flows separation occurs in the 
presence of an adverse pressure gradient. The adverse 
pressure gradient combines with friction effects to retard 
the motion of fluid particles and to cause them to move away 
from the boundary and into the mainstream of flow. A similar 
interaction of adverse pressure gradient and friction effects 
is expected to cause separation in oscillatory flow except 
that separation is time-dependent. 
In an effort to further explain the phenomenon of 
separation-reattachment in oscillating flow in the constric­
tion, Tables 10 and 11 are presented. In Table 10 (a =5.0, 
Re^ = 500) the value of c in the shear stress equation, 3.48, 
has been equated to zero. The setting of c equal to zero 
allows observation of the separated region which develops 
when convective acceleration terms are not considered in the 
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Table 10. Separation regions a = 5, Re^ = 500, c = 0 
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analytical treatment. It may be observed that the separated 
region has become symmetric (compare with Table 6) and agrees 
with the result cited by Rogge et al» (7) . 
Table 6 showed for an a = 5 and Re^ = 500 the existence 
of a region of separated flow which develops first in the 
converging section of the constriction and appears 1/32 of a 
cycle later in the diverging section without a reversal in the 
net-discharge (the net-discharge reverses direction at cot = 
it/2). In Figures 13a and 13b typical velocity profile plots, 
corresponding to the times at which separation occurs, are 
exhibited. In Figure 13c velocity profiles are shown at a 
time during the oscillation cycle at which the shear stress is 
positive at each of the indicated positions except z = 0.4. An 
explanation of how these profiles are obtained is given in a 
subsequent section of this thesis. Although the profiles in 
Figures 13a, 13b and 13c have been scaled down by a factor of 
30, the regions of separation predicted by the theoretical 
solution are discernible upon close inspection. The separation 
phenomenon, seen in Table 6, may intuitively seem to be 
inconsistent with physical reality and requires rational 
justification. It should be recalled that the equation from 
which the tables have been obtained is an approximate one, 
which did not accurately predict the critical Reynolds number 
for separation of steady flow, and quantitative results may be 
in error; however, qualitative results are thought to be 
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reliable. It is known that for oscillating flow in the 
straight tube that flow reversal is initiated in laminae near 
the wall, i.e., velocities near the wall are not in phase with 
the net-discharge. Thus, any changes in net-discharge may not 
be immediately sensed at the wall—a similar property is 
conjectured for the constricted tube. Table 11 indicates the 
appearance of the separated region if a steady flow component 
were not present in the flow field, i.e., F = 0. It may be 
observed that the character of the separated region in the 
converging section of the constriction is significantly altered 
(compare with Table 6). The indication is that the steady flow 
component plays a significant role in the separation phenomena. 
Table 12 exhibits a finer spatial and temporal grid to show how 
the separated region in the converging section develops as it 
moves into the diverging section of the constriction. 
Investigators (1,2) have developed successful techniques 
for the determination of separation and reattachment points 
and corresponding values of the critical Reynolds number for 
steady flow through the model utilized in this study. For 
unsteady flow the quantitative description of the corresponding 
flow characteristics is more difficult and reliable experi­
mental techniques have not been developed. Attempts to study 
the time-dependent separation phenomenon by use of dye injec­
tion and time lapse photography were unsuccessful. 
Table 11. Separation regions a = 5, Re^ = 500, F = 0 
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Table 12. Separation regions a = 5, Re^ = 500, c = -0.667 
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D. Velocity Profiles 
In Figures 14 through 25 some typical velocity profiles, 
as predicted by the theoretical solution, are exhibited. 
In dimensionless form the velocity profiles are given by 
^ = (6723^ - 1050g4 4- 3783^)cos(wt) - (73^ - 93^ 4- 23^)^ -
(336p= - 5255^ + 22Qg2 - 31|^ (S.14) 
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where 
sin L = ^  cos(wt) + B sin(wt) + 21-
+ Ë sin(2wt) + EM 
— 2 r~ "" 2 — 2 K = ïïa -A sin(a)t) + n B cos (wt) - cir 
(D sin(2wt) - Ë cos(2wt) 
D cos(2a)t) 
Re_ 
(5.15) 
sin TTZ 
The velocity profiles have been expressed in diitiensionless 
form by multiplying Equation 3.28 by (U^/U^), where is the 
centerline velocity and is the peak average velocity in the 
unobstructed tube. In each of Figures 13 through 25, Re = Re^, 
A = a, and wt is dimensionless time. The vertical axis denotes 
radial position and the velocity axis is horizontal. In 
Figures 14 through 20 the velocity profiles have been plotted 
to scale for a very mild constriction, i.e., 6/R^ = 0.05. The 
plots in Figures 21 through 25, for 5/R^ = 0.333, have been 
scaled down by a factor of 50. 
Figures 14, 15, and 16 are typical velocity profiles for 
a quasi-steady flow in which viscous effects are dominant. It 
is seen, since the flow is very nearly Poiseuille flow, that 
the profiles are parabolic except at wt = Tr/2 when flow 
reversal occurs. 
A comparison of Figures 14 and 17 shows the influence of 
increased inertial effects, due to local acceleration, on 
oscillating flow through the constriction. It is seen that as 
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a is increased to 5 that the velocity profiles at certain 
positions along the constriction have flattened, indicating 
dominance of inertial effects over viscous effects. A con­
sideration of Figures 17 and 18 shows that the viscous effects 
propagate from the tube boundary to the tube centerline as 
time progresses, this is indicated by the development of the 
parabolic profile during the interval t = 57r/16 to 6n/16. 
Figure 19 indicates that at wt = n/2 flow reversal has begun 
in laminae near the wall. The earlier reversal of flow at the 
wall is due to viscous effects, particles near the wall are 
moving slower than particles near the centerline and react to 
flow reversal more readily. Figure 20 shows that viscous 
effects have propagated to regions nearer the tube axis. 
In Figures 21 through 25 the dimensionless height of the 
constriction has been increased to 0.333. The time lapse 
sequences of velocity profiles indicate the influence of 
increased inertial effects. It is observed, from a comparison 
of Figures 21, 22, and 23, that an increase in Re^ or a (in 
the range considered) does not significantly alter the velocity 
profiles. It is believed that the increases in Re^ and a are 
not sufficiently large for the influence on the velocity 
profiles (on the scale utilized) to be detected. However, a 
comparison of Figures 22 and 24 shows that an increase in a 
cautseb a riàLLeiiing cf the velocity profiles nee.r the renter 
of the tube, indicating the dominant influence of inertial 
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effects due to local acceleration. 
Figures 22 and 25 indicate that an increase in inertial 
effects due to convective acceleration alters the phase 
relationships of the velocity profiles along the constriction. 
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VI. SUMMARY AND CONCLUSIONS 
A theoretical and experimental study of the flow 
characteristics associated with oscillating flow in a con­
stricted tube has been made. The flow characteristics of 
interest were: pressure drop across the constriction, velocity 
profiles, wall shearing stress and related separation 
phenomena. 
The mathematical model of the physical problem was 
developed by assuming that the fluid was (incompressible) 
Newtonian and the constriction mild. Other assumptions of a 
physical and analytical nature were made to obtain a tractable 
set of equations. An approximate solution of the resulting 
simplified system of equations (in which convective inertia 
terms were retained) was obtained from an extension of the 
Pohlausen method for analyzing boundary layer flow. The 
theoretical solution was compared with related studies and 
experimental results. 
It was found that the approximate solution predicted with 
an error of less than 17 per cent the experimental values of 
peak pressure drop across the constriction for all values of 
alpha and Reynolds numbers considered. The time in the 
oscillation cycle at which the peak pressure drop occurred was 
predicted within 8 per cent of a cycle. The analytical results 
were also in good agreement with experimental results cited by 
Young and Tsai (8). The solution indicated that the presence 
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of even a mild constriction increases the pressure drop over 
that of an unobstructed tube, e.g., for a's of 5 and 22 the 
ratios of the pressure drop across the constriction (5/R^ = l/3) 
to that across an equal distance in the straight tube were 1.62 
and 1.55, respectively. For a values of 5 and 22 the ratio is 
independent of Re^. 
The wall shear stress values as predicted by the ana­
lytical solution agreed with the results of exact solutions 
for steady and oscillating flow in a straight tube. For 
oscillating flow, in the constricted tube (6/R^ =1/3) the 
maximum value of the wall shear stress at z = 0 was found to 
be 2.46 and 1.28 times that of the straight tube for a values 
of 5 and 20, respectively. This ratio was found to be 
independent of Re^ for the specified values of a. Also, 
favorable agreement was found to exist between the theoretical 
solution and results cited in reference 7. However, experi­
mental and analytical values of the critical Reynolds number 
for separation of steady flow, as given by previous investi­
gators , were not in agreement with results of the current 
analysis. 
In oscillating flow the occurrence of separated regions 
was found to depend on the parameters, a, Re^ and time. 
Separated regions were found to be nonsymmetric and to extend 
in length and dnratinn as a was decreased for fixed Re^ or as 
f 
Re was increased for fixed a. The theoretical solution 
P 
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predicted the existence of a steady flow component for 
oscillating flow in the constricted tube and this component 
significantly influences the occurrence of separation. 
The solution allows the instantaneous velocity profiles 
to be plotted for various values of a and Re^. The results 
indicated that a variety of profiles can be obtained. 
The solution provides a relatively simple means of investi­
gating a complicated problem, and the results encourage the 
utilization of the solution as a qualitative guide for further 
analytical and experimental study. 
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VII. RECOMMENDATIONS FOR FURTHER STUDY 
The solution developed in this thesis indicated that the 
extended Pohlhausen method is a feasible research tool for 
problems of the type investigated. The constraints utilized 
to determine the velocity profiles were arbitrary and do not 
necessarily represent the optimum choice. It is possible that 
a different set of constraints would give a more accurate 
solution. Additional study needs to be undertaken to determine 
whether or not a selection of constraints satisfying more 
conditions at the tube boundary would improve the prediction 
of the critical Reynolds number of separation of steady flow. 
The theoretical analysis for such a study could parallel that 
presented in this thesis. 
Additional experimental study should be initiated to 
obtain information concerning the nature of the steady flow 
component and time-dependent separation-reattachment phenomena. 
Such a study would possibly require the use of high speed 
cinematography. 
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x. appendix a: solution of the governing 
differential equation 
To simplify the computational work involved in solving 
Equation 3.39, use is made of the following substitutions: 
a = = = (al) 
33r^ llïïr 33-iï^r^ 
, _ 31Q^F(z) . _ 31wQ 
~ 2 2 ' ~ 2 33n^r 33ttr^ 
Utilization of these substitutions in Equation 3.39 gives 
au 
—gY + aU^ + b cosut + d cos 2wt + f sin ut + c = 0 
(A2) 
Equation A2 has an integrating factor given as exp(at). 
Multiplication of A2 by this factor leads to 
/dfU^e^t) + b/e^t cos(wt)dt + c/e^^dt + dje^^ cos(2wt)dt 
+ f/e^^ sin (tot) dt = 0 (A3) 
Integration of A3 yields 
at g at 
U e + —s- (a cos(wt) + wsin(wt)) + y (a cos(2wt) 
^ a +w a +4(0 
+ 2wsin(2wt)) +  ^ ( a sin(wt) - wcos(wt)) + § e^^ (A4) 
a^+w^ 
+ g (z) = 0 
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which may be written as 
"c = - ^ (a cos (wt) + 0) sin(wt)) + ^ (a cos(2ut) 
a2+w2 a^+4a3^ 
+ 2 wsin(2wt))+ —%—=• (a sin(wt) 
a +0) 
w cos(wt)) + — 
+ e g(z) (A5) 
The term g(z) is assumed bounded, so that as t becomes large 
(exp(at))(g(z)) becomes small. Thus, the solution of the 
differential equation may be written as 
"c = cos (cot) - sin(wt) - —^—« (a cos(2wt) 
a +0) . a +0) a +4w 
+ 2 aisin(2ojt)) - — 
a. 
(A6) 
If one takes 
a= îpl , b 
a +w 
ub+af D = - ad 
2 2 ' 
ar+4w^ 
• ' = -5 (A7) 
then 
= A cos (ot + B sin ut + D cos 2wt + E sin 2ut + F (A8) 
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XI. APPENDIX B: PROGRAM TO COMPUTE 
DIMENSIONLESS PRESSURE DROP 
This program utilizes the ISU NODE routine to compute the 
diiuensionless pressure drop across the constriction predicted 
by Equation 3.4 when DELORO, ALPHA, REYNUM, ZERO, and CFOINE 
have been specified. DELORO represents the ratio of the 
constriction height to the radius of the unobstructed tube, 
1 / 2  Cô/RQ). Alpha, (a), is the dimensionless parameter R^(w/v) ' . 
Reynum is the peak Reynolds number, 2R^Up/v. ZORO is the 
ratio Zg/R^ and CFOINE (c) is the c referenced in Equation 
2 2 3.41. The program prints out Ap/pU^, d(Ap/pUp)/dz and wt in 
that order. The quantity wt is incremented in steps of 1/32 
of a cycle from 0 to 2it. 
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c computation of dimenslonless pressure drop 
c var(1,1) is deltap 
c zo/ro is zoro 
c reynum is the refolds number 
c delta/ro is deloro 
c cfoine is c for the inertia term 
c delta/zo is delozo 
dimension w(35) 
real kone,ktwo,kthree,kfour/kfive,ksix,kseven,keight, 
knine,kten, 
real none, ntwo, nthree, nfour, nfive, nsix 
dimension var(14,1) 
common zoro,reynum,deloro,cfoine,wt,delozo,alpha,delro, 
kone, ktwo , kthree, kfour, kfive ,ksix, kseven, keight, knine, 
kten, none, ntwo, nthree, nfour,nfive,nsix, done, dtwo, dthree 
abar, bear, cbar, dear, fbar, eta, suml, sum2 
integer endno,t,errck,changh 
do 4 1=1,33 
w(i) = (3.141593/16.)*(i-1) 
10=6 
h=0.5 
n=1 
t=5 
errck=1 
n0dum=1 
hratio=0.5 
changh=3 
endno=10 
x=-1.0 
endx=1.0 
deloro=0.333 
zoro=4.0 
delro=0.333 
alpha=4.96 
reynum=10000.0 
wt=w(i) 
cfoine=-0.667 
kone=(3024.0/31.0)*(cos(wt))*(zoro)*(1.0/reynum) 
ktwo=(78.0*3.141593/31.0)*(zoro)*(alpha**2)*(sin(wt))/ 
reynum) 
kthree=(-78.0*3.141593/31.0)*(zoro)*(alpha**2)*(cos(wt)/ 
reynum) 
kfour=(78.0*cfoine*(3.141593**3)/31.0)*(delro)*((sin(2.0* 
wt))*alpha**2) 
kfive=(-78.0*cfoine*(3.141593**3)/31.0)*(delro)*cos(2.0* 
wt))*alpha**4 
ksix= (-1760.0*3.14159 3/31.0)* (zoro) * (COS (WT) /KISÏNUM) 
kseven=(-1760.0*3.141593/31.0)*(zoro)*(sin(wt)/reynum) 
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keight=(-880.0*cfoine*(3.141593**3)/31.0)*(delro)*cos(2.0* 
wt) ) 
knine=(-880.0*cfoine*(3.141593**3)/31.0)*(delro)*sin (2.0* 
wt))*(alpha**2) 
kten=(-880.0*cf0ine*c3.141593**3)/31.0)*delro) 
n0ne=31.0/(33.0*3.141593) 
ntwo=(840.0*560.0)/(363.0*3.141593) 
nthree=560.0/(11.0*3.141593) 
nfour=(31.0*840.0)/((33.0**2)*3.141593) 
nfive=26040.0/(1089.0*3.141593**2) 
nsix=62.0/(33.0*3.141593**2) 
d0ne=4.0 *(alpha* *4) 
dtwo=(840.0/33.0)**2 
dthree=alpha* * 4 
var(1,1)=0.0 
c • DELTAP is THE DIMENSrONLESS PRESSURE DROP DELTAP is 
VAR(1,1) 
4 call n0de(var,h,n,x,endx,t,endn0,hrati0,changh,n0dum, 
errckflo) 
return 
end 
c subroutine compd(var,x) 
subroutine compd(var,x) 
dimension w{35) 
real kone,ktwo,kthree,kfour,kfive,ksix,kseven,height, 
knine,kten 
real none, ntwo,kfthree,nfour, nfive, nsix 
dimension var(14,1) 
common zoro,reyuum,deloro,cfoine,wt,delozo,alpha,delro, 
kone,ktwo,kthree,kfour,kfive,ksix,kseven,keight,knine, 
kten ,none, ntwo ,iithree, nfour, nfive, nsix, done, dtwo, dthree 
abar,bear, cbar,dbar, fbar, eta, suml, sum2 
integer endno, t, errck, changh 
eta=1.0-((delro/2.0)*(1.0+cos(3.141593*x))) 
abar=((none*alpha**4*eta**4)+ntwo)/((dthree*eta**4)+dtwo) 
bbar=((nthree-nfour)*alpha**2)/((dthree*eta**4)+dtwo) 
dbar=(nfive)/((d0ne*eta**4)+dtwo) 
ebar=(nsix)/((d0ne*eta**4)+dtwo) 
fbar=31.0/(840.0*3.141593**2) 
sum1=(kone/(eta**4))+((ktwo*abar)/(eta**2))+(kthree*bbar) 
+ (kfour*dbar*sin (3.141593*x)/(eta**3)) + (kfive*ebar* 
sin (3.141593*x)/(eta))+((ksix*abar)/eta**4) + ((kseven*bbar) 
/eta**2)+(keight*dbar*sin(3.141593*x)/eta**5)) 
sum2=(knine*ebar*sin(3.141593*x))/(eta**3)+(kten*fbar*sin 
(3.141593*x)/(eta**5) ) 
vap(r-1}=sum1+sum2 
return 
end 
138 
SUBROUTINE COMPY(VAR) 
dimension w(35) 
real kone, ktwo, kthree, kfour, kfive, ksix, kseven, keight, 
kninefkten 
real none, ntwo, nthree ,nfour, nfi ve, nsix 
dimension var(14,1) 
common zoro,reynum,deloro,cfoine,wt,delozo,alpha,delro, 
KONE, KTWO /KTHREE, KFOUR, KFIVE ,KSIX, KSEVEN, KEIGHT, Ki^INE, 
kten, none, ntwo, nthree ,nfour, nfi ve ,nsix, done, dtwo , dthree 
abar, bear, cbar, dear, fbar, eta, suml, sum2 
INTEGER ENDNO,T,ERRCK,CHANGH 
return 
end 
subroutine compt(var,n,x,10) 
dimension w{35) 
real kone,ktwo,kthree,kfour,kfive,ksix,kseven,keight, 
knine,kten 
real none, ntwo, nthree, nfour, nfi ve, ns ix 
dimension var(14,1) 
common zoro,reynum,deloro,cfoine,wt,delozo,alpha,delro, 
konf ktwo,kthree,kfour,kfive,ksix,kseven,keight,knine, 
kten, none, ntwo, nthree, nfour, nfi ve, ns ix , done, dtwo, dthree 
abar, bbar, cbar, dear, fbar, eta, suml, sum2 
integer endno,t,errck,changh 
write(10,5)x,var(1,1),var(8,1) ,wt 
5 format(fio.5,3e20.7) 
return 
end 
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XII. APPENDIX C: PROGRAM TO COMPUTE THE 
DIMENSIONLESS SHEAR STRESS 
This program is written for use on the Iowa State 
University CPS terminals. The user must specify; Re = 
Reynolds number. Alpha = a, DELOZO = G/Z^, c = inertia 
coefficient (c = -2/3 for small a, c = - 1/2 for large a), 
DELRO = ô/RQ» ZBAR = z/Z^. Once the parameters are specified, 
the program computes the dimensionless shear stress at ZBAR as 
a function of time. The time plot extends from 0 to 2TT in 
increments of 1/32 of a cycle. 
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1. DECLARE W(40); 
2. GET LIST(RE,ALPHA,DELOZO,C,DELRO,ZBAR); 
3. PUTLIST CRE,ALPHA,DELOZO,C,DELRO,ZBAR); 
3.1 ETA=l'-DELR0/2* (l+COS(3.141593*ZBAR) ) ; 
4. ; 
5. CONE=-168/31; 
6. CTWO=6*3.141593/31; 
7. CTHREE=6*3.141593**3*C*DELOZO*SIN(3.141593*ZBAR)/31; 
8. CFOUR=-40*3.141593/31; 
9. CFIVE=-20*C*3.141593**3*DELOZO*SIN(3.141593*ZBAR)/31; 
10. ; 
11. N0NE=31/(33*3.141593); 
12. NTWO=840*560/(363*3.141593); 
13. NTHREE=560/(11*3.141593); 
14. NFOUR=31*840/(33*2*3.141593); 
15. NFIVE=26040/(1089*3.141593**2); 
16. NSIX=62/(33*3.141593**2); 
17. DONE=4*ALPHA**4; 
18. DTWO=(840/33)**2; 
19. DTHREE=ALPHA**4; 
20. ABAR=(NONE*ALPHA**4*ETA**4+NTWO)/(DTHREE*ETA**4+DTWO); 
21. BBAR=(NTHREE-NFOUR)*ALPHA**2/(DTHREE*ETA**4+DTWO); 
22. DBAR=NFIVE/(D0NE*ETA**4+DTW0); 
23. EBAR=NSIX/(D0NE*ETA**4+DTW0); 
24. FBAR=31/(840*3.141593**2); 
24.1 DO 1=1 TO 33; 
24.2 W(I)=3.141593/16*(I-1); 
24.3 WT=W(I) ; 
24.4 TONE=CONE*COS(WT)/(RE*ETA**3); 
25. TTWO=CTWO *ALPHA* * 2/RE*(ABAR*SIN(WT)/ETA-ETA*BBAR* 
COS(WT)); 
26TTHREE=CTHREE* ( ALPHA* * 2 *DBAR* S IN ( 2 *WT ) /ETA* *2-ALP HA 
**4*EBAR*C0S(2*WT)); 
27. TF0UR=CP0UR/RE*(ABAR*C0S(WT)/ETA**3+BBAR*SIN(WT/ETA); 
28. TFIVE=CFIVE*(DBAR*COS(2*WT)/ETA**4+EBAR*ALPHA**2* 
SIN(2*WT)/ETA**2+FBAR/ETA**4); 
29. DSS=TONE+TTWO+TTHREE+TFOUR+TFIVE; 
29.1 DSS=-1*DSS; 
30. PUT LIST(ZBAR,WT,DSS); 
31. END; 
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XIII. APPENDIX D: PROGRAM TO PLOT VELOCITY PROFILES 
Velocity profiles predicted by Equation 5.14 are computed 
and plotted by use of this program. One must specify the 
following parameters: REYNUM, DELORO, DELZO, ALPHA, and CFOINE 
where these parameters are as previously defined. Also, a 
scale factor must be specified if meaningful plots are to be 
attained. One simply divides the quantity (VI + V2 + V3) given 
in the program by an appropriate magnitude. For straight tube 
flow no factor is required. In the constricted tube a value 
of 50 is adequate. 
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c velocity profiles 
real none,ntwo,nthree,nfour,nfive,nsix 
dimension g(12),ggc12),rr(21),xlb(5),ylb(5),dlb(5),v(21), 
glb(5) 
dimension cosine (21) 
real r(21)/—1..7,—.6,—.5,-.4,—.3,—.2,—.1,0., 
.1,.2,.3,.4,.5,.6,.7,.8,.9,1./,zbar(11)/-1.,-.8,-.6,-.4, 
—.2,0.,.2,.4,.6,.8,1./ 
real wt(7)/0.,.589049, .981748, 1.178097, 1.570796, 
2.356194,3.141593/ 
reynum=5.0 
alpha=0.1 
deloro=0.333 
delz0=0.0833 
cfoine=-0.667 
g(l)=l. 
g(ll)=l. 
gg(1)=-1. 
gg(11)=-1. 
do 5 1=2,10 
5 cosine(i)=1.+c0s(zbar(i)*3.141593) 
npts=21 
npts1=npts+1 
m=nptsl/2. 
m1=m-1 
iw=1.0 
e=del0r0/2 
do 10 1=2,10 
g(i)=1.-e*c0sine(i) 
10 gg(i)=-g(i) 
11 read(5,1) xlb,ylb,glb,dlb 
format(20a4) 
call graph(11,zbar,g,0,2,8.,2.,0.,0.,0.,0.,xlb,ylb,glb, 
dlb) 
call graph(11,zbar,gg,0,2,0.,2.,0.,0.,0.,0.,xlb,ylb,glb, 
dlb) 
c loop on zbar 
do 100 it=1,11 
bump=g(it) 
do 15 1=1,21 
15 rr(i)=r(i) *bump 
do 40 ir=11,20 
eta=1.0-({deloro/2.0)*(1.0+cos(3.141593*zbar(it)))) 
n0ne=31.0/(33.0*3.141593) 
ntwo=( 840.0*560.0)/(363.0*3.141593) 
nthree=560.0/ (11.0*3.141593) 
nfour=(31.0*840.0)/((33.0**2)*3.141593) 
nsix=62.0/(33.0*3.141593**2) 
done=4.0*(alpha**4) 
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DTWO=(840.0**2/33.0**2) 
DTHREE=ALPHA**4 
ABAR= ( (NONE*ALPHA**4*ETA**4)+NTWO)/ ( (DTHEEE*ETA**4)+DTW0) 
BBAR= ( (NTHREE-NFOUR) *ALPHA**2) / ( (DTHREE*ETA**4) +DTWO) 
DBAR= (NFIVE) / ( (D0NE*ETA**4) +DTWO) 
EBAR= (NSIX) / ( (D0NE*ETA**4) +DTWO) 
FBAR=31.0/(840.0*3.141593**2) 
S1=ABAR*C0S (WT (IW) ) /ETA**2 
S2=BBAR*SIN (WT (IW) ) 
Pl=CFOINE*3.141593**2*DELZO*SIN(3.141593*ZBAR(IT))* 
(1/ETA**3)*(REyNUM/2.0) 
S3=CBAR*C0S(2*wt(iw)) 
S 4 = ALP HA * * 2 *ETA* * 2 *EB AR *S IN ( 2 *WT (IW)) 
S5=S3+S4+FBAR 
D={(S1+S2)+(P1*S5))*3.141593 
P2=3.141593*ALPHA**2 
S6=(ABAR*SIN(WT(IW))) 
S7=ETA**2*BBAR*COS (WT(IW) ) 
S8=DBAR*SIN (2*wt (iw) ) 
S9=- (ALPHA**2*ETA**2*EBAR*COS (2*WT(IW) ) ) 
S10=S8+S9 
S11=(S6+S7)"(2*P1*S10) 
C=P2*S11 
Vl=( (672*R(IR)**5)-(1050*R(IR)**4) + (378*R(IR)**2) )*COS 
(WT(IW) ) 
V2=-( (7*R(IR)**5)-(9*R(IR)**4) + (2*R(IR)**2) )*C 
V3=-( (336*R(IR) **5)-{525*R(IR) **4) + (220*R(IR)**2)-31)*D 
V (IR) = (V1+V2+V3) /1550 
GO TO 40 
40 CONTINUE 
V(21)=0. 
DO 45 J=1,M1 
45 V(J)=V(NPTS1-J) 
WRITE(6,50) ALPHA,WT(IW),ZBAR(IT),(R(I),V(I),1=11,21) 
50 FORMAT( •ALPHA=',F4.2,'WT=',E15.6/ZBAR=',F4.1/'0 R 
VELOCITY'/(F4.1,E15.6)) 
DO 60 I=1,NPTS 
60 V(I)=V(I)+ZBAR(IT) 
CALL GRAPH (NPTS,V,RR,0,2,0.,3.,0.,0.,0.,0.,XLB,YLB,GLB, 
DLB) 
100 CONTINUE 
IW=IW+1 
if(iw-7) 11,11,12 
12 STOP 
end 
